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ABSTRACT

In this work, we obtained an approximate bound state solution to Schrodinger with Hulthen plus
exponential Coulombic potential with centrifugal potential barrier using parametric Nikiforov-Uvarov
method. We obtained both the eigen energy and the wave functions to non -relativistic wave equations. We
implement Matlab algorithm to obtained the numerical bound state energies for various values of
adjustable screening parameter at various quantum state.. The developed potential reduces to Hulthen
potential and the numerical bound state energy conform to that of existing literature.
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1. INTRODUCTION

Schrodinger wave equation constitute non -relativistic wave equation. The solutions to the
equation can either be exact constituting the s-waves or approximate through engaging
appropriate approximation to the centrifugal term. Exact and approximate solutions to the
equation find practical application in many branches of physics. In high energy physics, the
solution is used to describe hadrons as bound state. In atomic Physics, the solution is applicable in
the study of binding energy while in molecular physics, the solution is relevant in studying atomic
correlation function [1-8]. Hulthen potential is a short range potential basically used in studying
bound state energies of diatomic molecules [9]. Coulombic potential is an oscillating potential
which is strongly repulsive at short inter-nuclear distance and has negligible effect at large inter-
nuclear distance. There is a need to extend the repulsive effect to a large inter-nuclear distance .
In this work, we developed a potential model called exponential Coulombic potential with
centrifugal potential barrier so as to extend the repulsive interaction to large inter-nuclear
distance. The repulsive effect increases with smaller values of adjustable parameter ¢ in the
exponential term . The Hulthen potential is added to stabilize and bring into equilibrium the
decaying effect of the exponential function . However, the developed potential model works
perfectly for both small and large inter nuclear distance.
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Various analytical techniques have been adopted by different researchers to provide exact and
approximate solutions to relativistic and non-relativistic wave equations. These are :super
symmetric quantum mechanics, exact quantization, point canonical transformation, asymptotic
iteration method, Nikiforov-Uvarov method, Formular method, tri diagonolisation method,
factorization method etc [10-20]. Correspondingly, these method are used to solve wave
equations with some considerable potentials like : Mie-type, Kratzer, Poschl-teller, Hulthen,
Morse, Eckart, Tiet-Hua, Tiet-wei and many more[21-28]. This paper is organized as follows:
section 2 provides the basic review of parametric Nikiforov-Uvarov method. Section 3 gives the
analytical solution of schrodinger equation with the developed potential. Section 4 gives the
numerical bound state energy for Schrodinger wave equation . All graphs were plotted using
origin software while the numerical computations were obtained using matlab programming. The
developed potential model is given by
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Where V| is a potential depth, V, is the dissociation energy. a is the positive constant which is

strongly repulsive at short distance and ¢ is the screening parameter that increases the repulsive
effect. The graph of this potential against the inter-nuclear distance with various values of the

screening parameter & =0.1,0.2,0.3,0.4and0.5 is shown below.
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SECTION 2: THE CONCEPT OF PARAMETRIC NIKIFOROV-UVAROV METHOD

Nikiforov-Uvarov method generally reduces second order partial differential equation to equation
of hyper-geometric type and provide solutions in terms of orthogonal functions.[9] The
parametric formalization of NU is applicable and valid for both central and non-central potential.
Here, the hyper geometric differential equation is given by
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Where ¢, ¢, and ¢, are parametric constants. Other parametric constants are given below
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The energy equation is given as
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The total wave function is the given by
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SECTION 3: RADIAL SOLUTION OF SCHRODINGER EQUATION

Schrodinger equation is given by
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Substituting equation (1) into (6) gives
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Let’s define suitable approximation to the centrifugal term as
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Substituting equation (8) into (7) gives
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In order to present equation (9) in a form that is conformable to equation (2) then, there is a need
for the transformation

2 2
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r’ ds ds
Substituting equation (10) into (9) and simplifying gives
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By comparing equation (11) to equation (2) then the following parametric constant is obtain

&=(+8 +2aya)

& =(287+ 8" —2d°0’ g, + 2aay, — (1 +1)) (13)



International Journal of Recent advances in Physics (IJRAP) Vol.5, No.2, May 2016

1
C4 25(1_61)20

1 1
Cs :E(C2—2C3):—E

co=ci+¢ :i+82+52+2a;{1a
¢, =2¢c,c,—&, =2 -8 +2a’a’ g, - 2aay, + (1 +1)
cg=c,+& =€

cg:c3c7+c32c8+c6=i+2a20{211+l(l+1) 14)

Co=¢ t2c,+2\cg =1+2¢

¢ =c2—2c5+2(\/g+c3\/g)=2+2{\/i+2a2a2,{1+l(l+1)+£}

C, =CytAcg =€

Cis =c5—(\/g+c3\/g)=—%—{\/i+2azaz)(l+l(l+1) +6}

3.1 Calculation of Energy

The energy can be calculated by substituting equation (14) and (13) into (4) with simple
mathematical algebraic simplification. Hence, the energy eigen equation become
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Factorising and rearranging equation (15) gives
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Substituting the parameters of equation (12) into equation (16) and simplifying gives the final
energy equation of the proposed potential as
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3.2 Deduction from Equation (17)

If we set v, = 0in equation (1), then the potential function reduces to Hulthen potential. Making

the same substitution into equation (17), then the energy of Hulthen potential become

HVo 1
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Equation (18) can further be simplified to give the final energy for Hulthen potential as
Lvy, 1’
vy h? [(n+l+2)(n+l)+l]—2h20(;2
E, = - =0.319
U [2(n+1+1)]

However, for the sake of numerical computation, equation (19) will be presented in the form as
reported in some of the existing literature so as to enhance numerical comparison.

Assuming that & = gand M =m .then equation (19) become

2
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=0 (20)
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3.3 The Wave Function for the Proposed Potential

The wave function for the proposed potential can be calculated using equation (5) and expressed
in term of Jacobi polynomial. Thus,

_; /Zlﬁgazg; l/l.{.[(l+1)+gi| J( 1+2s),[2<{2 /i+2ach;(l+l(l+l)+€jﬂ

W (s)=N,(5)S°(1—-s) (1-2s). @n

N, is normalization constant and all other parameters have their usual meanings .

SECTION 4: NUMERICAL COMPUTATION FOR ENERGY EQUATION OF THE
PROPOSED POTENTIAL USING SCHRODINGER EQUATION

All programming were carried out using MATLAB software while graphical plot were carried
out using origin software.

The energy equation for the proposed potential is given in equation (17). The computing
parameters are:

v, =v,=0.1,a=0.01,
a= (0. 1,0.2,0.3, O.4and0.5)

h=m=u=1
# NUMERICAL COMPUTATION FOR ¢=0.]
n H H 1
HE@ (M Een (M EED (M B

0| 0| 0803980000522 | 0 [ 1| -0.0127508708328 |0 |2| -00884434140736 (0| 3 | 0377438327904
1) 0 0012750112527 | 1| 1| 0088436901226 | 12| -0.377438334060 |13 | -0.799200883610
10 0| 0088447070335 | 2| 1| 0377430015008 [22] 0790201139840 |23 | 0133386200033
10 0| 037744142028 | 3| 1| 0799201799728 (32| 013338624267 |3 |3 | 0197461333630
§1 0 0799204099158 | 4 | 1| 0133386321125 |4 2] 019746137323 4| 3| 0271861038900
51 0| 013338671337 | 5| 1| 0107461465586 | 52| 027186110433 |53 | 0336449316970
6 0| 019746191736 | 6 | 1| 0271861210342 |6 2] 035644956820 |6 | 3 | 0431153147500
TI 0 027186174040 | 7 (1| 0356449687740 | 7 (2 045113520449 (73| 0353037351004
§1 0| 033643018543 | 8 (1| 0451135337494 |8 (2| 055303741383 (8|3 | 0670771702476

—
=a
=
L =}
el
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NUMERICAL COMPUTATION FORa =02

"1 B [P Een [P Een [P E(eD)
0] 0 0130027000374 | 0|1 037675363416 | 0|2 01333002908 | 0| 3 0271769008418
1] 0 0376758462441 | 1|1 0133300447778 | 1|2 027176900928 | 1| 3 -0.431060304997
21 0 013330123221 | 2|1 0271769311301 | 2|2 045106041899 | 2| 3 0670675356338
3|0 027177037139 | 3|1 045106063498 | 3|2 067067549330 | 3| 3 0.93044326708
41 0 045106201494 | 4] 1 067067381201 | 4|2 003044342697 | 4| 3 -123029265229
51 0 067067741095 | 5|1 093044330006 | 5|2 -1.23029283506 | 5| 3 -1.37018940923
6| 0 -030445665488 | 6| 1 -1.23029326156 | 6|2 -1.37018961439 | 6| 3 -195011537634
71 0 -12302953940 | 7|1 -1.37019000476 | 7|2 -195011580487 | 7| 3 -137006096324
g1 0 -157019249417 1 8|1 -195011633811 | 8|2 -137006121462 | 8| 3 -2.83001943916
Table 2
NUMERICAL COMPUTATION FOR =03
| i E(eV) ik E,(eV) nillL Efel) Ji Eel)
0| 0| 0087566744369 [ 0|1 0.01332146021 02 -0.33626232186 0| 3 0670579017134
1] 0 013321577873 | 1| 1 0.356262680477 | 1|2 067057022259 | 1| 3 -1.07526288476
2| 0 033626447351 | 2| 1 0670579702013 [ 2|2 107526314178 | 2| 3 -1.57000121724
3| 0 067038200004 | 3|1 -1.07526374146 [ 3|2 -157000152573 | 3| 3 -2.15408775818
41 0 -1.07326673094 | 4| 1 -1.57009224535 4|2 -2.15498811811 | 4| 3 -1.82002063438
510 137000584464 | 5| 1 -2.13408205799 512 282002106577 | 5| 3 3304874688066
6| 0 215499315740 | 6| 1 -2.82002202567 6|2 330487515147 | 6| 3 444034134624
71 0 -2.82002682526 | 7| 1 -3.30487623140 712 444084236030 | 7| 3 530481738006
8| 0 -3.30488163108 | §| 1 144984356043 8|2 530481814560 | 8| 3 642979915438
Table 3
NUMERICAL COMPUTATION FORo =04
T Eern) [P E(el) nlll By "] E (el
0| 0| 037330441236 | 0 1 027158556005 0(2] 067048293882 | 0| 3 -1.23009703893
LI 0 -027158768013 [ 1|1 067048330804 | 1|2 -123009740451 | 1| 3 -194901866262
2| 0| 067042679408 | 2| 1 123009825749 [ 22 104991011975 | 2| 3 -2 820821871335
3| 0| -123010252247 | 3| 1 104002018622 | 3|2 282082241085 | 3| 3 -3.86076339907
4| 0| -194901551866 | 4| 1 -2.82082360074 | 4|2 386076423990 | 4| 3 -3.06972385981
5| 0| -18298300991%8 | 5(1 -3.86976573315 | 5|2 506072659117 | 51 3 642970005712
6| 0 386977319042 | 6 1 -3.06972829779 62 642070087997 | 6| 3 -194963166370
71 0] 306973623082 | T 1 642970279987 [ 7|2 194068257997 | 7| 3 062066811770
§| 0| 642971230065 | §| 1 194968471322 | 8|21] 062066012326 | 8| 3 -11.4696378679
Table 4
NUMERICAL COMPUTATION FORa =03
' E@n  |M|! E,(el) U EL E(eF)
0| 0 07960289798 | 0 1 0435077678741 | 0| 2 107506822147 0| 3 -1.94982020960
1| 0 045078011221 | 1| 1 107506922097 | 1|2 194082078092 | 1| 3 307470380363
210 107507421838 | 2| 1 104983211404 | 2| 2 307470651984 | 2| 3 444964382338
0 194082877936 | 3| 1 307470818636 | 3|2 444064468047 | 3| 3 6.07460639180
41 0 307471651908 | 4| 1 444964668038 | 4|2 607460739175 | 4| 3 -1.94938133243
5 0 444963667994 | 5| 1 -6.07460092300 | 5|2 194938369330 | 5| 3 -10.0745661334
6| 0 607462139135 | 6| 1 194933636190 | 6|2 100743674691 | 6| 3 -12.4493345764
71 0 194059060490 | 7| 1 100745704690 | 7| 2 124495560050 | 7| 3 -13.0745460816
0 100745854688 | 8| 1 124495303382 | § |12 150745476320 | 8| 3 -17.9493397060
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Energy spectral diagram with Schrodinger equation for ¢ =0.1.
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Energy spectral diagram with Schrodinger equation for ¢ =0.2.
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Energy spectral diagram with Schrodinger equation for & =0.3.
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Energy spectral diagram with Schrodinger equation for ¢ =0.4 .
—=—1=0
—e— |=1
A |=2
—v— =3

-10
-11

Energy (e\)
T T

-12

=1
[§%]
I
o
oo
=

Quantum state

Figure 4



International Journal of Recent advances in Physics (IJRAP) Vol.5, No.2, May 2016

Energy spectral diagram with Schrodinger equation for o =0.5.
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SECTION 5: DISCUSSION FOR BOTH TABLES AND FIGURES

Numerical computation shows that the bound state energy with respect to Schrodinger equation
decreases with an increase in quantum state . The energy also decreases with an increase in
screening parameter & .The energy spectral diagram shows a distinct quantum state indicating
the quantisation of different energy levels as in figures (1-5). However, for & =0.1 the energy
spectral diagram shows a saw tooth wave form before quantisation indicating maximum
oscillation of the charge particle with an initial velocity. We shall further investigate the energy
spectral diagram of figurel by engaging fourier transform analysis .

5.1 Numerical Computation for Energy Equation of Hulthen Potential

As stated earlier, the resulting potential reduces to hulthen potential. We adopted the parameter of
(Arda and Serve, 2012) and (Fihho and Ricotta, 1995)for comparison. The existing literature
computed for few quantum state, but we carried out our computations to accommodate higher
quantum state. We carried out numerical computation for equation (20) using the following

adopted parameters (£ =m=1.0,v, = f=0=(0.025,0.050,0.075,0.100and0.150).

11
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4+ Bound state energy of Hulthen potential in comparison to other work.

n [ & Present (Arda and | (Filho
work server,2012) Ricotta,1995)
0 1 0.025 -0.1128125 | -0.1128130 -0.1127600
0 1 0.030 -0.1012300 | -0.1012300 -0.1010420
0 | 0.073 -0.0903125 | -0.0903120 -0.0898450
0 1 0.100 -0.080000 -0.0800000 -0.0791700
0 1 0.130 -0.0612500 | -0.0612500 -0.0594950
Table 6

5.2 Numerical Computation for Higher Quantum State of Hulthen Potential

Bound state energy of Hulthen potential for 6 =0.025

A E,(eV) " E@E) || E,(eV)

01 01 046320316000 | 1| -0112812510000 | ]3| -0.04882813000 || 3| -0.0267382820000
11 0| 010408204000 | 7|1 | -0.043758683000 |1 |3| 0023247072000 | 1| 3| -0.01402812350000
2 0| 003896701700 | 2 |1| -0.020000001000 | 3 [ 3| -0.011628126000 | 3| 3| -0.0073003476000
3] 0| 00169970710 | 3|1 | 0009453125000 | 3 |3| -0.00564453130 | 3| 3| -0.0035220028000
4| 0| D00750312600 | 41| -0004201389400 | 4| 3| -0.00242506400 | 4| 3| -0.0014111329000
5| 0| 000297092040 | 51| -0001331206800 | 5|3| -0.00076203950 | 5| 3| -0.0003481867300
6| 0| 000084343120 | g1 | -0000312300020 | 63| -0.00007812500 | 6| 3| -0.0000031230001
71 0| 000005981445 | 7171 -0000000964500 |7|2| -000006328123% (7| 3| -0.0001363960800
8| 0| -000011670525 | g|q| -0000312500020 | g|p| -0.00054300103 (g| ¢| -0.0007834201700

Table 7
Bound state energy of Hulthen potential for & =0.050
&

AN E (el Al E (eV) " E(er) I E,(eV)

0| 0| DAL7812520000 | || -0.101250010000 | |73 -D.042534728000 | g | 3| -0.0225781260000
11 0| 008507813000 | 11| -0.033368060000 | |3 -0.01642578300 | 1| 3| -D.0091123010000
2| 0 0023311302000 | 2| 1| 0011230000000 | 2|2 -0.003312500000 | 2| 3| -0.0028123000000
3] 0| 007050782000 | 3| 1| -0.002812500000 | 3|2| -D001030347300 [ 3| 3| -0.0003125000200
4| 0| 0001012500000 | 4] 1| -D000138888900 | 4|3 0000006377331 | 4| 3| -D.0001757812600
5| 0| 000007812500 | 5| ]| -0.000516381700 | 5|2 -0.0010986320000 | 5| 3| -0.0017013891000
6| 0| 000184311240 | | 1| -0.002812300000 | ]3| -0.003707562000 | g| 3| -0.0043125000000
7] 0| 000331738300 | 7] ]| -0.006485339700 | 7|3 000750312600 | 7| 3| -0.0083010130000
g| 0| 0010034723000 | g| | -00112350000000 | g |q| 0012295972000 | g| | -0.0132031260000

Table 8

12
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Bound state energy of Hulthen potential for & =0.075

| E (eV) i E(eV) ld E (eV) Jil E (eV)
0| 0] 030382812000 | p|1| 009031230000 | |32| -0.03667335000 | 9| 3| -0.01876933000
1| 0| 006798828000 | 1|1 | 002438367900 | |32| 001078613300 || 3| -000523312430
2| 0| 001439201300 | 2|1 | -0.00499999940 |3 |2| 000163312480 |32 | 3| -0.00042534710
3| 0| Q000141113250 | 3|1 | 000007812495 |3 [2| -0.00010633687 | 3| 3| -0.00057357410
4] 0] 000052812515 | 41| Q00170138910 | 4|32| 000294802340 | 4| 3| -0.00410644570
51 0] 000521050400 | 5|1| 00715720750 | 53| 000881958100 | 5| 3| -0.01023244800
6] 0] 001320312600 | g|1| Q01331230200 | 62| D01706113300 | g| 3| 001832812800
7] 0| 002338521000 | 71| -002562596800 | 7|2| -0.02731953400 | 7| 3| -0.02874548500
g 0] 003392689700 | g 0| Q003781230500 | g|o| 003930114300 |g§| 0| -0.04073134000

Table 9

Bound state energy of Hulthen potential for 5 =0.100

T Ben P[] B || BeH  |['[T] B
0| o} 0361250000000 | (71| -0.08000000600 | |2 -0.031230004000 (g 3| -0.01331230100
1| o -0032812506000 | 7(71| -0.01680333300 | 712| -0.006328125300 |1 3| -0.00243000030
3| 0| 0006803336400 | 3| 1| 00125000010 | 7|3 0000050000002 | 3| 3| 000013888890
3] 0| 0000078123006 | 3|1| 00125000010 |3 |3| 0002812500000 | 3| 3| 000431122500
4| 0] 0006030000400 | 4| 1| -DO0SSSEI000 | 4] 2| 011250000000 | 4| 3| -DOI320312600
5| (| DOIS36305%000 | 51| 002145408300 | 52| 0023925783000 | 5| 3| 002394133900
61 0| D034923470000 | 11| 003781250000 | g|32| 0040138893000 | 6| 3| 004205000400
=T 0| 034863285000 | 70| 005742284300 | 7|32| 0059512503000 | 7] 3| -0.06125000500
g 0] 2077793220000 | § || -0.08000000600 | g|g| 0081828510000 | g| p| -0.08336806000

Table 10

Bound state energy of Hulthen potential for § =0150

I Y N N B R 1 7 R K W )
01 0| 0300312300000 | g |1| 0061250000000 ||| 002170138800 || 3| 0008433123000
11 0| 0028203122000 | 1[1| 0005868054500 |1 |32| 0.00095703100 || 3| -0.000012499977
3| 0| 0000034722138 | 3|1 | 0001250000300 |2 |32| -D00361250040 | 3| 3| -D003868056000
3| 0| 0010332032000 | 3 || 0013312501000 | 3|32| 001917534900 | 3| 3| 0022200258000
4| 0] 033112508000 | 47| 0040138897000 | 4|32| 004303495600 | 4| 3| -0.046894340000
5| 0| 0068758690000 | 51| 0073016390000 | 5|2| 007629395000 | 5| 3| -D078892730000
6] 0] 010943160000 | g 1| OI1812510000 | 6| 3| 1146682600 | 6| 3| 6117612496000
=7 0| 0136430210000 | 7|7 | 138983330000 | 77| 16102812000 | 7] 3| -0.162709190000
g 0| 020048310000 | § | p| 0211299990000 | g || 021272984000 | §| p| -0213967010000

Table 11

13
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DISCUSSION OF THE ABOVE TABLE

Table 6 shows our numerical computation as compared to other work. Our result is in agreement
to that of existing literature ascertaining the mathematical accuracy of the analytical solutions.
Tables 7-11 show higher quantum state of table 6 for different values of &

CONCLUSION

We engaged a powerful tool of Nikiforov-Uvarov method to compute bound state solution of
non -relativistic wave equation. We developed a new potential model that showcase strong
repulsive force both at short and large internuclear distance. This potential reduces to a well
known potential called the Hulthen potential which is a short range oscillating potential. We also
implement some algorithm to carried out numerical computation for the resulting energy
equations for various values of screening parameter. Our analytic and computational result for
Hulthen potential is in agreement to that of existing literature.
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