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ABSTRACT 

 

In this work, we obtained an approximate bound state solution to Schrodinger with Hulthen plus 

exponential Coulombic potential  with centrifugal potential barrier using parametric Nikiforov-Uvarov 

method. We obtained  both the eigen energy and the wave functions to non -relativistic wave equations. We 

implement Matlab algorithm to obtained the numerical bound state energies for various values of 

adjustable screening parameter at various quantum state.. The developed potential reduces to Hulthen 

potential and the numerical bound state energy conform to that of existing literature. 
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1.  INTRODUCTION 
 

Schrodinger wave equation  constitute non -relativistic wave equation. The solutions to the 

equation can either be exact constituting the s-waves or approximate through engaging 

appropriate approximation to the centrifugal term. Exact and approximate solutions to the 

equation find practical application in many branches of physics. In high energy physics, the 

solution is used to describe hadrons as bound state. In atomic Physics, the solution is applicable in 

the study of binding energy while in molecular physics, the solution is relevant in studying atomic 

correlation function [1-8]. Hulthen potential is a short range potential basically used in studying 

bound state energies of diatomic molecules [9]. Coulombic potential is an oscillating potential 

which is strongly repulsive at short inter-nuclear distance and has negligible effect at large inter-

nuclear distance. There is a need to extend the repulsive effect to a large inter-nuclear distance . 

In this work, we developed a potential model called exponential Coulombic potential with 

centrifugal potential barrier so as to extend  the repulsive  interaction to large inter-nuclear 

distance.  The repulsive effect increases with  smaller values of adjustable parameter α in the 

exponential  term . The Hulthen potential is added to stabilize and bring into equilibrium the 

decaying effect of the exponential function . However, the developed potential model works 

perfectly for both small and large inter nuclear distance. 
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Various analytical techniques have been adopted by different researchers to provide  exact and 

approximate solutions to relativistic and non-relativistic wave equations. These are :super 

symmetric quantum mechanics, exact quantization, point canonical transformation, asymptotic 

iteration method, Nikiforov-Uvarov method, Formular method, tri diagonolisation method, 

factorization method etc [10-20]. Correspondingly, these method are used to solve wave 

equations with some considerable potentials like : Mie-type, Kratzer, Poschl-teller, Hulthen, 

Morse, Eckart, Tiet-Hua, Tiet-wei and many more[21-28]. This paper is organized as follows: 

section 2   provides the basic review of parametric Nikiforov-Uvarov method. Section 3 gives the 

analytical solution of schrodinger equation with the developed potential. Section 4 gives the 

numerical bound state energy for  Schrodinger wave equation . All graphs were plotted using 

origin software while the numerical computations were obtained using matlab programming.  The 

developed potential model is given by  
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Where  0
V  is a potential   depth, 1

V  is the dissociation energy. a is the positive constant which is 

strongly repulsive at short distance and α  is the screening   parameter that increases the repulsive 

effect.  The graph of this potential against the inter-nuclear distance with various values of the 

screening parameter 0.1,0.2,0.3,0.4 0.5andα =  is shown below. 

 

 
Figure 1 

 

SECTION 2: THE CONCEPT OF PARAMETRIC NIKIFOROV-UVAROV METHOD 
 

Nikiforov-Uvarov method generally reduces second order partial differential equation to equation 

of hyper-geometric type and provide solutions in terms of orthogonal functions.[9] The 

parametric formalization of NU is applicable and valid for both central and non-central potential. 

Here, the hyper geometric differential equation is given by 
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 Where 1 2,c c and 3c  are parametric constants. Other parametric constants are given below 
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The energy equation is given as  
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The total wave function is the given by 
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SECTION 3: RADIAL SOLUTION OF SCHRODINGER  EQUATION 
 

Schrodinger equation is given by 
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Substituting equation (1) into (6) gives 
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Let’s define  suitable approximation to the centrifugal term as  
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Substituting equation (8) into (7)   gives  
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In order to present equation (9) in a form that is conformable to equation (2) then, there is a need 

for the transformation  
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Substituting equation (10) into (9) and simplifying gives 
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By comparing equation (11) to equation (2) then the following parametric constant is obtain 
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3.1 Calculation of Energy 
 

 
The energy can be calculated by substituting equation (14) and (13) into (4) with simple 

mathematical algebraic simplification. Hence, the energy eigen equation become 
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Factorising and rearranging equation (15) gives 
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Substituting the parameters of equation (12) into equation (16) and simplifying gives the final 

energy equation of the proposed potential  as 
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3.2 Deduction from Equation (17) 
 

If we set 1 0v = in equation (1), then the potential function reduces to Hulthen potential. Making 

the same substitution into equation (17), then the energy of Hulthen potential become 
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Equation (18) can further be simplified to give the final energy for Hulthen potential as  
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However, for the sake of numerical computation, equation (19) will be presented in the form as 

reported in some of the existing literature so as to enhance numerical comparison. 
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3.3 The Wave Function for the Proposed Potential 
 

The wave function for the proposed potential can be calculated using equation (5) and expressed 

in term of Jacobi polynomial. Thus, 
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n
N is normalization constant and all other parameters  have their usual meanings . 

 

SECTION 4: NUMERICAL COMPUTATION FOR ENERGY EQUATION OF THE 

PROPOSED POTENTIAL USING SCHRODINGER EQUATION 
 
All programming were carried out using MATLAB software while graphical plot were carried 

out using origin software. 

 

The energy equation for the proposed potential is given in equation (17). The computing 
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Energy spectral diagram with Schrodinger equation for 0.1α = . 

 
Figure 1 

 

 
Energy spectral diagram with Schrodinger equation for 0.2α = . 

 

 
Figure 2 
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Energy spectral diagram with Schrodinger equation for 0.3α = . 
 

 
Figure 3 

 

      

 Energy spectral diagram with Schrodinger equation for 0.4α = . 

 
Figure 4 
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        Energy spectral diagram with Schrodinger equation for 0.5α = . 

 
Figure 5 

 

SECTION 5: DISCUSSION  FOR  BOTH  TABLES AND FIGURES  
 
Numerical computation shows that the bound state energy with respect to Schrodinger equation 

decreases with an increase in quantum state . The energy also decreases with an increase in 

screening parameter α  .The energy spectral diagram shows a distinct quantum state indicating 

the quantisation of different energy levels as in figures (1-5). However, for  0.1α =  the energy 

spectral diagram shows a saw tooth wave form before quantisation indicating maximum 

oscillation of the charge particle with an initial velocity.  We shall further  investigate the energy 

spectral diagram of figure1  by engaging fourier transform analysis . 
 

5.1  Numerical Computation for Energy Equation of Hulthen  Potential  
 

As stated earlier, the resulting potential reduces to hulthen potential. We adopted the parameter of 

(Arda and Serve, 2012) and (Fihho and Ricotta, 1995)for comparison. The existing literature 

computed for few quantum state, but we carried out our computations to accommodate higher 

quantum state. We carried out numerical computation for equation (20) using the following 

adopted parameters  01.0, (0.025,0.050,0.075,0.100 0.150)m v andµ β δ= = = = = . 
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5.2  Numerical Computation for Higher Quantum State of Hulthen Potential  

 

 
 

 

 

 



 

 

 

 

International Journal of Recent advances in Physics (IJRAP) Vol.5, No.2, May 2016 
 

13 

 

 
 

 

  
 

 



 

 

 

 

International Journal of Recent advances in Physics (IJRAP) Vol.5, No.2, May 2016 
 

14 

 

DISCUSSION OF THE ABOVE TABLE 
 

Table 6 shows our numerical computation as compared to other work. Our result is in agreement 

to that of existing literature ascertaining the mathematical accuracy of the analytical solutions. 

Tables 7-11 show higher quantum state of table 6 for different values of δ . 

 

CONCLUSION 
 
We engaged a powerful tool of Nikiforov-Uvarov method to compute  bound state solution of 

non -relativistic wave equation. We developed a new potential model that showcase strong 

repulsive force both at short and large internuclear distance. This potential reduces to a well 

known potential called the Hulthen potential which is a short range oscillating  potential. We also 

implement some algorithm to carried out numerical computation for the resulting energy 

equations for various values of screening parameter. Our analytic and computational result for 

Hulthen potential is in agreement to that of existing literature. 
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