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1. Introduction 
 
A number of experiments on trapped single ions or atoms have been performed in recent years [1,2,3,4]. 

Monitoring the intensity of scattered laser light off of such systems has shown abrupt changes that have been 

cited as evidence of "quantum jumps" between states of the scattered ion or atom . The existence of such 

jumps was required by Bohr in his theory of the atom.Bohr’s quantum jumps between atomic states [5] were 

thefirst form of quantum dynamics to be postulated.He assumed that an atom remained in an atomic eigen 

state until it made an instantaneous jump to another state with the emission or absorption of a photon. Since 

these jumps do not appear to occur in solutions of the Schrodinger equation, something similar to Bohr's idea 

has been added as an extra postulate in modern quantum mechanics. 

 

Stochastic quantum jump equations [6], [7],[8]were introduced as a tool for simulating the dynamics of a 

dissipative system with a large Hilbert space and their links with quantum measurement theorwere also 

noted[9],[10],[11],[12],[13].This measurement interpretation is generally known as quantum trajectory 

theory [14].By adding filter cavities as part of the apparatus, even the quantum jumps in the dressed state 

model can be interpreted as approximations to measurement-induced jumps [15]. 

 
The question arises whether an explanation of these jumps can be found to result from an Colombeau solution 

[16]-[18]�Ψ���, �; ℏ))� of the Schrödinger equation alone without additional postulates. We found exact 

quasi-classical asymptotic of the quantum averages with position variable with localized initial data. 
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�〈�, �, ��; ℏ, �〉)� = "∫ �$|Ψ���, �, ��; ℏ)|�&�'�, � ∈ �)0,1,,)�, �� ∈ ℝ. , � = 1, … , &,     (1.1) 

 
i.e. we found the limiting Colombeau quantum averages (limiting Colombeau quantum trajectories) such 

that[18]: 

 

�〈�, �, ��; �〉)� = "limℏ→�〈�, �, ��; ℏ, �〉'� = 

 

="limℏ→�∫ �$|Ψ���, �, ��; ℏ)|�&�'�, � ∈ �)0,1,,)� ∈ ℝ. , � = 1, … , &, � ∈ 40, 5,(1.2) 

 

 

And limiting quantum trajectories 6��, ��) = 78���, ��), … , 8.��, ��)9 ∈ ℝ. , � ∈ 40, 5,such that 

 

8$��, ��)=〈�, �, ��〉 = limε→�limℏ→�〈�, �, ��; ℏ, �〉 = 

 

= lim�→�limℏ→�∫ �$|Ψ���, �, ��; ℏ)|�&�, � ∈ ℝ. , � = 1, … , &(1.3) 

 

if limit in LHS of Eq.(1.3) exist. 

 
The physical interpretation of these asymptotic given below, shows that the answer is "yes" for the  

limiting quantum trajectories with localized initial data. 

 

Note that an axiom of quantum measurement is:if the particle is in some state|)Ψ:,�; thatthe  

probability<��, =�) of getting a result� ∈ ℝ.at instant � with an accuracy of ‖=�‖ ≪ 1will be given by 

 

<:��, =�, ��; ℏ, �) = ∫ @A� ′ )|)Ψ:,�;@�&� ′BCDC′BE‖FC‖ = ∫ @Ψ���′, �, ��; ℏ)@�&� ′BCDC′BE‖FC‖ .(1.4) 

 
We rewrite now Eq.(1.4) of the form 

 

<:��, =�, ��; ℏ, �) = �
��H)I/K‖FC‖I ∫ @Ψ��� ′, �, ��; ℏ)@�exp M− BCDC′BK

‖FC‖K O &� ′ℝI .(1.5) 

 
We define well ocalized limiting quantum trajectories  

 

 6��) = 6��, ��) = 78���, ��), … , 8.��, ��)9 ∈ ℝ. , 
6�0, ��) = ��, � ∈ 40, 5,	such that: 

 Plim‖F6�:)‖→�limℏ→�<:�6��), =6��), ��; ℏ, �)Q� = 1(1.6) 

 

And well localized limiting quantum trajectories 6��) = 6��, ��) = 78���, ��),… , 8.��, ��)9 ∈ ℝ. , 6�0, ��) = ��, � ∈ 40, 5,such that: 

 lim�→�lim‖F6�:)‖→�limℏ→�<:�6��), =6��), ��; ℏ, �) = 1(1.7) 

 
if limit in LHS of Eq.(1.7) exist. 
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2. Colombeau solutions of the Schrödinger equation and 

correspondingpath integral representation 
 
Let H be a complex infinite dimensional separable Hilbert space, with inner product <⋅,⋅> and norm | ⋅ |. 
 

Let us considerSchrödinger equation: 

 −�ℏ PUΨ�:)U: Q + WX��)Ψ��) = 0,Ψ�0) = Ψ���),(2.1) 

 	W��) = −P ℏK�YQ∆ + Z��, �).(2.2) 

 

HereoperatorH��): ℝ × ] → ] is essentially self-adjoint, WX��)is the closure of H��). 

 

Theorem 2.1. [19],[20].Assume that:(1) Ψ₀(x)∈L₂( ℝ. ),(2)  Z��, �)  is continuous and      supC∈ℝI,:∈4�,`,|Z��, �)|) < +∞.Then corresponding solution of the Schrödinger equation (2.1)-(2.2) 

 

exist and can be represented via formulae 

 

 

Ψ��, �) = lima→∞ P aYbH$:ℏQ.�ac�)/� # …# &��&�� …&�aΨ����)expℝIℝI d $ℏ e���, ��, … , �a , �ac�; �)f,(2.3) 

 

where we have set	�ac� = �and 

 e���, ��, … , �a , �ac�; �) = ∑ dYb |ChijDCh|K
�:/a�K − V��$c�, �$�fa$l� ,(2.4) 

 

where	�$ = $:
a 	.	Let 8a���be a trajectory; that is, a function from40, �,toℝ.with8a�0� = ��and set8a��$� =

�$ , � = 1, . . . , � + 1.We rewrite Eq.(2.3) for a future application symbolically for short of the following form 

 

 

Ψ��, �� = lima→∞ # m48a��),Ψ�"8a�0)'no�:)lC exp d $ℏ e�8a��), �; �)f,(2.5) 

 

where we have set(i) e�8a��), �; �) = e���, ��, … , �a , �ac�; �) and (ii)m48a��),that is, a 

 m48a��), = P aYbH$:ℏQ.�ac�)/� ∏ &�qaql� .(2.6) 

 

Trotter and Kato well known classical results give a precise meaning to the Feynmanintegral when the 

potential V��, �)is sufficiently regular[18]-[19]. However if potential V��, �)is a non-regular this is well 

known problem to represent solution of the Schrödinger equation (2.1)-(2.2) via formulae(2.3), see [19]. 

 
We avoided this difficulty using contemporaryColombeauframework[16]-[18]. Using  replacement�$ →Ch�c�Kr|C|Kr , � ∈ �)0,1,,)s ≥ 1we obtain from potential V��, �)regularized  

potentialZ���, �), � ∈ �)0,1,,) such that Z�l���, �) = Z��, �)and 

 

(i) "Z���, �)'� ∈ u�ℝ.), 

 

(ii) supC∈ℝI,:∈4�,`,|Z���, �)|) < +∞, � ∈ �)0,1,.)(2.7) 
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Here u�ℝ.)isColombeau algebra of Colombeau generalized functions [16]-[18]. 

 

Finally we obtainregularizedSchrödinger equation of Colombeau form[16]-[18]: 

 

 −�ℏ PUΨv�:)U: Q� + PWX���)Ψ���)Q� = 0, "Ψ��0)'� = Ψ���),(2.8) W���) = −P ℏK�YQ∆+ Z���, �).(2.9)  

 
Using the inequality (2.7) Theorem 2.1 asserts again that corresponding solution of the Schrödinger  

equation (2.8)-(2.9)exist and can be represented via formulae [18]: 

 "Ψ���, �)'� = 

 wlima→∞ P aYbH$:ℏQ.�ac�)/� # …# &��&�� …&�aΨ����)expℝIℝI d$ℏ e����, ��, … , �a, �ac�; �)fx� (2.10) 

 

where we have set �ac� = � and 

 e����, ��, … , �a, �ac�; �) = ∑ dYb |ChijDCh|K�:/a�K − Z���$c�, �$�fa$l� ,(2.11) 

 

where we have set �$ = $:
a 	. 

 
We rewrite Eq.(2.10) for a future application symbolically of the following form 

 

"Ψ���, ��'� = Plima→∞ # m48a��),Ψ�"8a�0)'no�:)lC exp d$ℏ e��8a��); �)fQ� ,		(2.12) 

 
Or of the following form 

 "Ψ���, �)'� = Plima→∞Ψε,y��, �)Q� = Plima→∞ # mz48��),Ψ�"8a�0)'n�:)lC exp d$ℏ e��8{ ��), 8��); �)fQ� . (2.13) 

 

For the limit in RHS of (2.12) and (2.13) we will be used canonical path integral notation 

 "Ψ���, �)'� = P# m48��),Ψ�"8�0)'n�:)lC exp d $ℏ e�"8{ ��), 8��)'fQ� ,(2.14) 

 

wheree�"8{ ��), 8��)' = # dYb 8{��|) − Z��8�|), |)f:� &|. 
 

Substitution� = 8s + 7 into RHS of the Eq.(2.10) gives 

 "Ψ���, �)'� = 

 wlim�→∞ P���c�)YbH:ℏ Q.�b�cb) # …# &��&�� …&���c�	Ψ����)expℝIℝI d $ℏ e����, ��, … , ���c�	, ���c�; �)fx�.(2.15) 

 

We rewrite Eq.(2.15) for a future application symbolically of the following form 
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"Ψ���, �)'� = Plima→∞ # mc48a��),Ψ�"8a�0)'no�:)lC exp d $ℏ e��8a��); �)fQ� ,		(2.16) 

 

or of the following form 

 "Ψ���, �)'� = Plima→∞ # mac48��),Ψ�"8�0)'n�:)lC exp d$ℏ e��8{ ��), 8��); �)fQ� .  (2.17) 

 

For the limit in RHS of (2.16) and(2.17) we will be used following path integral notation 

 "Ψ���, �)'� = P# mc48��),Ψ�"8�0)'n�:)lC exp d$ℏ e�"8{ ��), 8��)'fQ� .(2.18) 

 

Let us consider now regularized oscillatory integral 

 PJ�,a��; ℏ)Q� = P# …# &��&�� …&�a����, ��, … , �a)Ψ����)expℝIℝI d $ℏ e����, ��, … , �a; �)fQ� .(2.19) 

 

Lemma2.1.(Localization Principle [25]-[26])Let Ω be a domain inℝ.×aand � ∈ ��∞�Ω) 

be a smooth functionof compact support, e� ∈ �∞�Ω), � ∈ �0,1,be a real valued smooth function  

withoutstationary points in supp��), i.e.�Ce���) ≠ 0 for � ∈ Ω. Let �be a differential operator 

 ���) = −∑ UUCha$l� P@e�,C′ ��)@D� U�vUCh �Q.    (2.20) 

 

Then  

 "@J�,a��; ℏ)@'� ≤ ℏ# �"���)'
Ω

&�. ∀�,� ∈ ℕ, ∀ℏ ≤ 1thereexist�Y such that 

 PJ�,a��; ℏ)Q� ≤ �YℏY‖�‖, ‖�‖ = supC∈Ω∑ |m��||�|EY . (2.21) 

 

Lemma2.2. (Generalized Localization Principle) Let Ωa be a domain in ℝ.×a and �a ∈ ��∞�Ωa) 

be a real valued smooth function without stationary points in supp��), i.e. �Ce���) ≠ 0 for � ∈ Ωa 

 

and let "℘���; ℏ)'� be infinite sequence� ∈ ℕ: 
 P℘�,a��; ℏ)Q� = 

 wP aYbH$:ℏQ.�ac�)/� # &��&�� …&�a�a���, ��, … , �a)Ψ����)exp d$ℏ e����, ��, … , �a; �)f
Ωo x� .(2.22) 

 

Then there exist infinite sequence 7ℏ�9�∈ℕ, lim�→∞ℏ� = 0 such that  

 �lima→∞�→∞℘�,a��; ℏ�)�� = 0. 
 

Proof.Equality (2.23) immediately follows from (2.21). 

 

Remark2.1.FromLemma2.2follows thatstationary phase approximationis not a valid asymptotic  

approximation in the limit ℏ	 → 0 for a path-integral (2.14) and (2.18). 
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3. Exactquasi-classical asymptotic beyond Maslov canonical operator 
 

Theorem3.1.Letus considerCauchy problem (2.8) with initial dataΨ���)is givenvia formula 

 

Ψ���) = �I/���H)I/�ℏI/� exp d− ��CDC�)K�ℏ f,(3.1) 

 

where		0 < ℏ ≪ � ≪ 1and �� = 〈�, �〉. 
 

(1) We assume now that: (i) "Z���, �)'� ∈ u"ℝ.', (ii)Z�l���, �) = Z��, �):ℝc × ℝ. → ℝ 

and  

(iii)∀� ∈ ℝcfunctionZ��, �) is a polynomial on variable	� = ���, … , �.), i.e. 

 

 Z��, �) = ∑ ����)��‖�‖EY , � = ���, … , �.), �� = ��$j × …× �.$I , ‖�‖ = ∑ ��.�l� (3.2) 

 

 

(2) Let ���, �, �, �, �) = "����, �, �, �, �), … , �.��, �, �, �, �)'be the solution of the boundary 

problem 

 UK����,:, ,C,¡)U�K = Hess4Z��, �),�£��, �, �, �, �) + ¤Z ′��, �)¥£,(3.3) 

 ��0, �, �, �, �) = �, ���, �, �, �, �) = �.(3.4) 

 

Here � = ���, … , �.) ∈ ℝ. , �£��, �, �, �, �) = "����, �, �, �, �), … , �.��, �, �, �, �)'£, 
 Z ′��, �) = wdU¦�C,:)UCj fCl  , … , dU¦�C,:)UCI fCl xandHess4Z��, �), = MUK¦�C,:)UChUC§ OCl   (3.5) 

 

(3) LetS��, �, �, �) be the master action givenvia formula 

 S��, �, �, �) = # ���{ ��, �, �, �, �), ���, �, �, �, �), �):� &�,(3.6) 

 

Where master Lagrangian���{ , �, �) are 

 ���{ , �, �) = Y� �{ ���, �, �, �, �) − Z©����, �, �, �, �), �), �{ = PU�jU� , … , U�IU� Q , �{ � = 〈�{ , �{ 〉,(3.7) 

 Z©"��, �, �, �, �), �' = ���, �, �, �, �)Hess4Z��, �),�£��, �, �, �, �) + Z ′��, �)�£��, �, �, �, �).  (3.8) 

 

Let �ª� = �ª���, �, �) ∈ ℝ. be solution of the linear system of the algebraic equations 

 dU«�:, ,C,¡)U¡h f¡l¡¬­ = 0, � = 1,… , &      (3.9) 

 

(4) Let �® = �®��, �, ��) ∈ ℝ. be solution of the linear system of the algebraic equations 
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 �ª���, �, �®) + � − �� = 0.   (3.10) 

 
Assume that: for a given values of the parameters �, �, ��the point �® = �®��, �, ��)is not a focal point on a 

corresponding trajectory is given by corresponding solution of the boundary problem (3.3).Then forthe 

limiting quantum averagegiven via formulae (1.1) the inequalities is satisfied: 

 limℏ→��→�|〈�, �, ��; ℏ〉 − �$| ≤ 

 

≤ 2 d°dete¡¬­¡¬­ P�, �, �®��, �, ���, �ª�"�, �, �®��, �, ���'Q°fD� |�®$��, �, ���|, � = 1, … , &.(3.11) 

Thus one can to calculate the limiting quantum trajectory corresponding to  potentialZ��, ��by using 

transcendental masterequation 

 �®$��, �, ��� = 0, � = 1,… , &.(3.12) 

 
Proof. From inequality (A.15) and Theorem A1, using inequalities(A.53.a) and (A.53.b) we obtain 

 lim±→²
σ→�lim		ℏ→�|〈�®$ , 5; ³, ´, �, �〉 − �$| ≤ limℏ→�4	ℛ��5, �� + ℛ��5, ��,, � = 1, … , &,(3.13) 

 

where 

ℛ��5, �� = #&� ¶# mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lC cos d�ℏ ¸��8{ , 8, �, 5�f¹�,(3.14) 

 

ℛ��5, �� = #&� ¶# mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lC sin d�ℏ ¸��8{ , 8, �, 5�f¹�.    (3.15) 

 

We note that 

 

ℛ��5, �� = #&� ¤ℛº���, 5, ��¥�, ℛ��5, �� = #&� ¤ℛº���, 5, ��¥�,   (3.16) 

where 

ℛº���, 5, �� = » mc48���,Ψ"8�0�'4|8$�5�|,jK
n�`�lC

cos M1ℏ ¸��8{ , 8, �, 5�O = 

 

= #&� # mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lCn���l¡
cos d�ℏ ¸��8{ , 8, �, 5�f = # &�ℛº���, �, 5, ��,(3.17) 

 

ℛº���, �, 5, �� = # mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lCn���l¡
cos d�ℏ ¸��8{ , 8, �, 5�f(3.18) 

 

and 

 

ℛº���, 5, �� = » mc48���,Ψ"8�0�'4|8$�5�|,jK
n�`�lC

sin M1ℏ ¸��8{ , 8, �, 5�O = 

 

= #&� # mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lCn���l¡
sin d�ℏ ¸��8{ , 8, �, 5�f = # &�ℛº���, �, 5, ��,   (3.19) 
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ℛº���, �, 5, �� = # mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lCn���l¡
sin d�ℏ ¸��8{ , 8, �, 5�f.(3.20) 

 

 

FromEq.(3.18) one obtain  

 

ℛº���, �, 5, �� = �
� ¤ℛº�,���, �, 5, �� + ℛº�,���, �, 5, ��¥,(3.21) 

where 

 

ℛº�,���, �, 5, �� = # mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lCn���l¡
exp d $

ℏ ¸��8{ , 8, �, 5�f,(3.22) 

 

ℛº�,���, �, 5, �� = # mc48���,Ψ"8�0�'4|8$�5�|,jKn�`�lCn���l¡
exp d− $

ℏ ¸��8{ , 8, �, 5�f.(3.23) 

 

Let us calculate now path integral ℛº�,���, �, 5, ��and path integral ℛº�,���, �, 5, ��,using stationary phase 

approximation .From Eq.(A.23) follows directly that action¸��8{ , 8, �, 5�  coincide with master action S��, �, �, ��isgiven via formulae (3.6)-(3.8) and therefore from Eq.(3.22) and Eq.(3.23) one obtain 

 

ℛº�,���, �, 5, �� = » mc48���,Ψ"8�0�'4|8$�5�|,jK
n�`�lCn���l¡

exp M �ℏ ¸��8{ , 8, �, 5�O = 

 

= ℛº�,���, �, 5, �� = 4|�$|,jKΨ���exp d $
ℏ e��, �, �, ��f(3.24) 

and 

ℛº�,���, �, 5, �� = » mc48���,Ψ"8�0�'4|8$�5�|,jK
n�`�lCn���l¡

exp M �ℏ ¸��8{ , 8, �, 5�O = 

 

= ℛº�,���, �, 5, �� = 4|�$|,jKΨ���exp d− $
ℏ e��, �, �, ��f.(3.25) 

 

From Eq.(3.17) and Eq.(3.24) we obtain 

 ℛº���, 5, �� = #&�ℛº���, �, 5, ��.(3.26) 

 

Substitution Eq.(3.25) into Eq.(3.26) gives 

 

ℛº�,���, 5, �� = 4|�$|,j
K #&�Ψ���exp d$

ℏ e��, �, �, ��f.(3.26) 

 

 

Similarly one obtain 

 

ℛº�,���, 5, �� = 4|�$|,j
K #&�Ψ���exp d− $

ℏ e��, �, �, ��f.(3.27) 

 

Let us calculate now integral ℛº�,���, 5, ��  and integral ℛº�,���, 5, ��  using stationary phase 

approximation. Let �ª� = �ª���, �, �� ∈ ℝ. be the stationary point of master  actione��, �, �, �� 
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and therefore Eq.(3.9) is satisfied. Having applied stationary phase  

Approximation one obtain 

 

ℛº�,���, �ª���, �, ��, 5, �� = 

 

¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥Dj
K4|�$|,jKΨ"�ª���, �, ��'exp d $

ℏ e"�, �, �, �ª���, �, ��'f,(3.28) 

 ℛº�,���, �ª���, �, ��, 5, �� = 

 

¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥Dj
K4|�$|,jKΨ"�ª���, �, ��'exp d− $

ℏ e"�, �, �, �ª���, �, ��'f.(3.29) 

 

Substitution Eq.(3.28)-Eq.(3.29)into Eq.(3.21) gives  

 

ℛº���, �ª���, �, ��, 5, �� = 1
2 ¤ℛº�,���, �ª���, �, ��, 5, �� + ℛº�,���, �ª���, �, ��, 5, ��¥ = 

 

= ¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥Dj
K4|�$|,jKΨ"�ª���, �, ��' × 

 

× ¼exp M �ℏ e"�, �, �, �ª���, �, ��'O + exp M− �
ℏ e"�, �, �, �ª���, �, ��'O½ = 

 

= ¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥Dj
K4|�$|,j

KΨ"�ª���, �, ��'cos d�ℏ e"�, �, �, �ª���, �, ��'f.(3.30) 

 

Substitution Eq.(3.30) into Eq.(3.16)gives 

 

ℛ��5, �� = »&� »&� ¤ℛº���, 5, ��¥� = 

 

= #&� ¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥D�|�$|Ψ�"�ª���, �, ��'cos� d�ℏ e"�, �, �, �ª���, �, ��'f.(3.31) 

 

Similarly one obtain 

ℛ��5, �� = »&� »&� ¤ℛº���, 5, ��¥� = 

 

= #&� ¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥D�|�$|Ψ�"�ª���, �, ��'sin� d�ℏ e"�, �, �, �ª���, �, ��'f.(3.32) 

 

Therefore 

 

ℛ�5, �� = ℛ��5, �� + ℛ��5, �� = 2# &� ¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥D�|�$|Ψ�"�ª���, �, ��'.(3.33) 

 
Substitution Eq.(3.1) into Eq.(3.33) gives 

 

ℛ�5, �� = 2 �I/K
��H�I/KℏI/K #&� ¤@dete¡¬­¡¬­"�, �, �, �ª���, �, ��'@¥D�|�$|exp d− ��¡¬­�:, ,C�DC��K

ℏ f(3.34) 

 

Let us calculate now integral (3.34)using Laplace’s approximation.It is easy to see that corresponding 

stationary point�® = �®��, �, ��� ∈ ℝ.is the solution of the linear system of the  

algebraic equations(3.10). Therefore finally we obtain  
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ℛ�5, �� = 2|�®$��, �, ���| d°dete¡¬­¡¬­ P�, �, �®��, �, ���, �ª�"�, �, �®��, �, ���'Q°fD� + ¾�ℏ.�, 
 � = 1, … , &.(3.35) 

 

Substitution Eq.(3.35) into inequality (3.13) gives the inequality(3.11). The inequality (3.11) 

completed the proof. 

 

4. Quantum an harmonic oscillator with a cubic potential supplemented 

by additive sinusoidal driving. 
 
In this subsection we calculate exact quasi-classical asymptotic for quantum an harmonic oscillator with a 

cubic potential supplemented by additive sinusoidal driving. Using Theorem3.1 we obtain corresponding 

limiting quantum trajectories given via Eq.(1.3). 

 

Let us consider quantum an harmonic oscillator with a cubic potential 

 

Z��� = YωK
� �� − ¿�� + À�, � ∈ ℝ, ¿, À > 0(4.1)	

 

supplemented by an additive sinusoidal driving. Thus 

 

		Z��, �� = YÁK
� �� − ¿�� + À� − 4Âsin�Ω��,�.	            (4.2) 

 

The corresponding master Lagrangian given by(3.7),are 

 

���{ , �, �� = PY
�Q �{ � − � �PÁK

� Q + P�Ã 
Y Q��� − ��Ä²� + 3¿�² − À − Âsin�Ω����.(4.3) 

 

We assume now that: 
ÁK
� + �Ã 

Y ≥ 0 and rewrite(4.3)of the form 

 

 ���{ , �, �� = ��/2��{ ² −	��Æ²�/2��² + ���, ���,												(4.4) 

 

where	Æ��� = Ç2 °ÁK
� + �Ã 

Y ° and ���, �� = −	4�Ä²� + 3¿�² − À − Âsin�Ω ∙ ��,. 
 

The corresponding master actionS��, �, �, ��given by Eq.(3.6), are 

 

S��, �, �, �� = �Æ
2sinÆ� 4�cosÆ����² + �²� − 2�� + 2�

�Æ » ���, �� sin�Æ��:
�

&� + 

 

+ �¡
YÉ # ���, �� sin�Æ�� − ���:

� &� − �
YKÉK # # ���, �����, |�sinÆ�� − �� sin�Æ|��

� &|&�:
� ,.(4.5) 

 

The linear system of the algebraic equations(3.9) are 

 
U«�:, ,C,¡�

U¡ = 2�cosÆ� − 2� + �
YÉ # ���, ��sin��Æ�� − ���&� = 0:

� .   (4.6) 

 

Therefore 

�ª���, �, �� = C
ÊËÌÉ: − �

YÉÊËÌÉ: # ���, ��sin"�Æ�� − ��'&�:
�  (4.7) 
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The linear system of the algebraic  equations (3.10) are 

 C
ÊËÌÉ: − �

YÉÊËÌÉ: # ���, ��sin"�Æ�� − ��'&�:
� + � − �� = 0.   (4.8) 

 

Therefore the solution  of  the  linear system of the algebraic equations (3.10) are 

 

�®��, �, ��� = �
YÉ # ���, ��sin"�Æ�� − ��'&�:

� + ����� − ���cosÆ�.   (4.9) 

 

Transcendental master equation (3.11) are 

 �
YÉ # ������, ��sin"�Æ�� − ��'&�:

� + ����� − ���cosÆ� = 0   (4.10) 

 

Finally from Eq.(4.10) one obtain 

 

&"����' PÊËÌ�É:�
É − �

ÉQ + Í"ÉÌÎy�Ï:�DΩÌÎy�É:�'
ÉKDÏK − ����� − ����Æcos�Æ�� = 0,(4.11) 

 

where&��� = �Ä²� + 3¿�² − À. 
 

Numerical  Examples. 
 

Example1.�₀ = 0,� = 1,Ω = 0,Ä = 9, ¿ = 3, À = 10, Â = 0. 
 

 
 

Pic.1. Limiting quantum trajectoryλ(t)Pic.2. Limiting quantum trajectory λ(t) with a jump 

 

5. Comparison exact quasi-classical asymptotic withstationary-point 

approximation. 
 

We set now& = 1.Let us consider now path integral (2.14) with e��8{ ���, 8���; ��given via formula 

 

¸��8{ ���, 8���, �� = �
b # 48{ ��� − Ñ��8���, ��,�:

� &�.  (5.1) 

 

Note that for corresponding propagatorÒ���, �|�, 0�the time discretized path-integral 

representation  

 Ò�,Ó��, �|�, 0�are : 

 

Ò�,Ó��, �|�, 0� = # .Cj.CK….CÔÕj�bHℏ∆:�Ô/K exp d$
ℏ ¸�,Ó���, … , �Ó�f,(5.2) 

 

wheree�,Ó���, … , �Ó�are : 
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¸�,Ó���, … , �Ó� = ∆:
b ∑ dCoijDCo

∆: − Ñ���a, �a�f� .ÓD�al� (5.3) 

 
Here the initial-�₀ and end-points �Ó are fixed by the prescribed �₀ and by the additional constraint �Ó = �. 
 

Let us calculate now integral (5.2) using stationary-point approximation. Denoting an critical points of the 

discrete-time action(5.3)by ×�,� = "��,�,� , … , �ÓD�,�,�'it follows that ×�,� satisfies the critical point 

conditions are 

 
U�v,Ô"C�,v,r,…,CÔÕj,v,r,CÔ,v,r'

UCo,v,r = 0(5.4) 

 

for � = 1, . . . , Ø − 1, supplemented by the prescribed boundary conditions for � = 0, � = Ø: ��,�,� =��, �Ó,�,� = �. 
 
From Eq.(5.2) in the limitℏ → 0using form all y Stationary-point approximation one obtain 

 

Ò�,Ó��, �|��, 0� ≅ Ú�,ÓD�"×�,� , ��,�,� , �Ó,�,�'exp d$
ℏ ¸�,Ó"×�,� , ��,�,� , �Ó,�,�'f + ¾�ℏ�.(5.5) 

 

Here the pre-factorÚ�,Ó"×�,�'is given via N-dimensional Gaussian integral of the canonical form as 

 

Ú�,ÓD�"×�,� , ��,�,�, �Ó,�,�' = # .¡j.¡K….¡ÔÕj�bHℏ∆:�Ô/K exp M $
�ℏ ∑ �a UK¸v,Ô"×v,r,C�,v,r,CÔ,v,r'

UCo,v,rUCÛ,v,r
ÓD�a,Yl� �YO.  (5.6) 

 
The Gaussian integral in (5.6) is given via canonical formula 

 

Ú�,ÓD�"×�,� , ��,�,�, �Ó,�,�' = M4Ýℏ∆�det w2∆� UK¸v,Ô"×v,r,C�,v,r,CÔ,v,r'
UCo,v,rUCÛ,v,r xOD�/� , �,� = 1,… ,Ø −

1.(5.7) 

 

Heredet"Âa,Y' denotethe determinant of anØ	 − 1	 × Ø	 − 1 matrix with elements Âa,Y. 
Let us consider now Cauchy problem (2.8) with initial data Ψ���� is given via formula 

 

Ψ���� = ��/b
�2Ý��/bℏ�/b exp Þ− ��� − ß���

2ℏ à. 
 

Note that for corresponding Colombeau solutionΨ���, ��given viapath-integral(2.14)the time discretized 

path-integral representationΨ�,Ó��, ��are  

Ψ�,Ó��, �� = »Ψ�����Ò�,Ó��, �|��, 0� &�� = 

 

= ∑ #&��Ú�,ÓD�"×�,�, ��, �Ó,�,�'Ψ�����exp d$
ℏ ¸�,Ó"×�,� , ��, �Ó,�,�'f� 41 + ¾�ℏ�,.(5.8) 

 

Let us calculate now integrals in RHS of Eq.(5.8) using stationary-point approximation. Corresponding 

critical point conditions are 

 
U�v,Ô"C�,v,r,…,CÔÕj,v,r,CÔ,v,r'

UC�,v,r = 0. (5.9) 
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From (5.8) we obtain 

 

Ψ�,Ó��, �� = ∑ Ú�,Ó"×�,�, ��,�,� , �'Ψ�"��,�,�'exp d$
ℏ ¸�,Ó"×�,�, ��,�,�, �'f� 41 + ¾�ℏ�,. (5.10) 

 

Ú�,Ó"×�,�, ��,�,� , �' = M∆�det w2∆� UK¸v,Ô"×v,r,C�,v,r,C'
UCo,v,rUCÛ,v,r xOD�/� , �,� = 0,1, … , Ø − 1. (5.11) 

 

Let as denote ×�,� = "��,�,�, ��,�,�, … , �ÓD�,�,�' = P��,�,����, ��,�,����, … , �ÓD�,�,����Q the critical  

point for which the critical point conditions(5.4) are 

 Coij,v,�DCo,v,�
∆: − Ñ�"�a,�,�, �a' = 0, � = 0,1, … , Ø − 1.(5.12) 

 

Therefore the time discretized path-integral representation of the Colom beau quantum averages 

given by Eq. (1.1) are 

 �〈1, �, ß�; ℏ, �〉�� = "# �|Ψ�,Ó��, �; ℏ�|�&�'�
= ��/�

�2Ý��/�ℏ�/� �»&��Ú�,Ó� "×�,�, ��,�,�, �'exp Þ− ����,�,���� − ß���
ℏ à�

�
41 + ¾�ℏ��, + 

 

+ �j/K
��H�j/Kℏj/K P∑ #&��Ú�,Ó� "×�,�, ��,�,�, �'exp d− ��C�,v,��á�Dâ��K

ℏ f�ã� Q� 41 + ¾�ℏ��, + ¾"exp�−�ℏD��',(5.13) 

 

where� > 0, � ∈ �)0,1,,)� ∈ ℝ.Let us calculate now integrals in RHS of Eq.(5.13) using stationary-point 

approximation. Corresponding critical point conditions are 

 

��,�,�"�Ó,�,�' − ß� = 0,(5.14). 

��,�,�"�Ó,�,�' − ß� = 0, s ≥ 1.(5.15). 

 

Here �Ó,�,�can be calculated using linear recursion(5.12) with initial data ��,�,� = ß�. 

From Eq.(5.13)-Eq.(5.14) one obtain 

 

�〈1, �, ß�; ℏ, �〉�� ≅ P�Ó,�,�Ú�,Ó� "×�,� , ��,�,�, �Ó,�,�'Q�(5.16) 

andÚ�,Ó"×�,� , ��,�,� , �Ó,�,�' = M∆�det w2∆� UK¸v,Ô"×v,r,C�,v,r,CÔ,v,�'
UCo,v,rUCÛ,v,r xOD�/� , �,� = 0,1,… , Ø. (5.17) 

 
As demonstrated in [24] the determinant appearing in(5.11) can be calculated using second  

Order linear recursion: 

 

äac�,�,� − 2äa,�,� − äaD�,�,��∆��� = 2äa,�,�ÑC′"�a,�,�, �a' − äaD�,�,�ÑC′"�aD�,�,�, �aD�'∆� − 

 −äa,�,� d�ac�,�,� − �a,�,�∆� − Ñ�"�a,�,� , �a'f Ñ�,CK′′ "�a,�,� , �a' + 

 +äa,�,�¤Ñ�,C′ "�a,�,�, �a'¥� − äaD�,�,�¤Ñ�,C′ "�aD�,�,� , �aD�'¥�,	 
 Ñ�,C′ ��, �) = Uåv�C,:)UC , Ñ�,C′′ ��, �) = UKåv�C,:)UCK .(5.18) 
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with initial data ä�,�,� = ∆�, ä�,�,� = ä�,�,� + ∆� + ¾��∆�)�)(5.19) 

 

from which the pre-factorÚ�,Ó"×�,�, ��,�,�, �Ó,�,�'in (5.16)follows as 

 Ú�,Ó"×�,�, ��,�,� , �Ó,�,�' = æäÓ,�,� .(5.20) 

 

In the limit ç� → 0 from critical point conditions (5.12) and (5.14) one obtain 

 �{��) − Ñ�����), �) = 0, ��0) = ß�.(5.21) 

In the limit ç� → 0 from a second order linear recursion(5.18)one obtain 

the second order linear differential equation 

 äè�,���) = 2	 ..: ¤ä�,���)Ñ�,C′ ����), �)¥(5.22) 

 

with initial data 

 ä�,��0) = 0, ä{�,��0) = 1.(5.23) 

 

By integration Eq.(5.22) one obtain the first order linear differential equation 

 ä{�,���) = 2ä�,���)Ñ�,C′ ����), �) + 1, ä�,��0) = 0.(5.24) 

 

In the limit ç� → 0 from Eq.(5.16), Eq.(5.20)-Eq.(5.21) and Eq.(5.24)one obtain 

 é��) = �〈1, �, ß�; ℏ, �〉)� ≅ ���)ä�,�D���).(5.25) 

 

We set now in Eq.(5.1) 

 Ñ��8, �) = −¿8� + À� + Âsin�Ωτ).(5.26) 

 

Corresponding differential master equation are 

 8{ = −�3¿�� − À)8 − �¿�� − À�) + Âsin�Ωτ), 8�0) = ß� − �.(5.27) 

 

From Eq.(5.27) one obtain that corresponding transcendental master equation are 

 4ß� − ���), − ∆4 �:),
Θ4 �:), 7exp��∆4���),) − 19 + Â êáë�:∆4 �:),)

Ω
KcΘK4 �:), 7ì4���),sin�Ωt) −Ωcos�Ωt)9 +Â Ω

Ω
KcΘK4 �:), = 0.(5.28) 

 

Numerical Examples. 

 
Comparison of the: (1)classical dynamics calculated by usingEq.(5.1) (red curve), (2)limiting quantum 

trajectory ���) calculated byusingmaster equation Eq.(5.28) (blue curve) and (3) limiting quantum 

trajectorycalculated by usingstationary-point approximation given by Eq.(5.25)(green curve). 
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Pic.3.Limiting quantum trajectory0.3, À =

4. Conclusions 
 
We pointed out that there exist limiting quantum trajectories

does not depend on any single measurement of particle position 

reference to a phenomenological master

we cannot predict the result of any single measurement of an observableof a quantum mechanical system in a 

super position of eigen states. However 

position 8��) at instant � with a probalim�→�lim‖Fn�:�‖→�lim�→�<:�8���, =8
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Appendix      
Let us consider now regularized Feynman

integral: 

 Òí���, 5|�, 0; ³, ´� = # mc48���n�`�lCn���l¡
 

where� ∈ �)0,1,,)  ¸��8, 5; ³, ´� = # &�4748��� − �,�;�̀
 ¸��8�5�, �� = 48�5� − �,�, � = ���
 ¸��8{ , 8, 5� = # ��8{ ���, 8���, ���̀ &�,
 Z��, �� = ������ + ������� + ����
 � = ���,

l of Recent advances in Physics (IJRAP) Vol.3, No.4, November 2014

02468100246810 

Limiting quantum trajectory����   Pic.4.Limiting quantum trajectory���� without jumps= 1, Â = 2.witha jump.¿ = 1, À = 1, Â = 0.3. 
 

limiting quantum trajectories given via Eq.(1.3) with a jumps.

any single measurement of particle position 8���at instant �and obtained 

phenomenological master-equation of Lind blad form. An axiom of quantum mechanics is that 

predict the result of any single measurement of an observableof a quantum mechanical system in a 

However we can predict the resultof any single measurement of

with a probability <��, 8, =8� ≅ 1  if valid the condition: � � =8���, ��; �, �� = 1,where<:given via Eq.(1.5). 

provided important clarification. 

Feynman- Colombeau propagator"Ò���, 5|�, 0�'� given by 

4 � �,exp d− �� ¸ï�8, 5; ³, ´�f exp d− �� ¸ð�8�5�, ��f exp d$� ¸��
, ; ³, ´9,,(A.2) 

� �, … , �.� ∈ -. ,(A.3) 

� , ��8{ ���, 8���, �� = Y� 8{ ���� − Z��8���, ��, Z�l���, �� = Z�
����� + ⋯ + ������� ,(A.5) 

� … , �.�, �� = ��$j \ … \ �.$I , ‖�‖ = ò �� ,.
�l�  

l of Recent advances in Physics (IJRAP) Vol.3, No.4, November 2014 

15 

 

without jumps.¿ =

with a jumps. Such jumps 

and obtained without  any 

An axiom of quantum mechanics is that 

predict the result of any single measurement of an observableof a quantum mechanical system in a 

can predict the resultof any single measurement of particle 

if valid the condition: 

 Feynman path 

�8{ , 8, 5�f,(A.1) 

��, ��,(A.4) 
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 Z��8���, �� = Z�8����, ��, 8���� = P8�,����, … , 8.,����Q,(A.6) 

 8$,���� = nh�:��c�Kr|n�:�|Kr , � ∈ �)0,1,,)s ≥ 1.(A.7) 

 

Here: (1)³ ∈ �)0,1,), � ≪ ³and (2) for each path8���such 

that8��� = ∑ ¿asin PaH:` Q + ���, 5, �, ��∞al� , ��0, 5, �, �) = �, ��5, 5, �, �) = �,where ���, 5, �, �) 

is a given function, operator7ó��); ³, ´9are 

 78��); ³, ´9 = ∑ ³ôal� ¿asin PaH:` Q + ∑ ¿asin PaH:` Q∞alôc� .(A.8) 

 

(3) mc48��),is a positive Feynman “measure”. 

 

Therefore regularized Colombeau solution of the Schrödinger equation corresponding to  

regularized propagator(A.1) are 

 "Ψ��5, �; ³, ´, �)'� = �» &�Ψ��)Òí���, 5|�, 0; ³, ´)∞

D∞ �� = 

 

õ » mc48��),Ψ"8�0)'exp M− 1ℏ ¸�8, 5; ³, ´, �)O expn�`)lC M �ℏ ¸��8{ , 8, 5)Oö
�
= 

 = �#&� # mc48��),Ψ"8�0)'exp d− �ℏ ¸�8, 5; ³, ´, �)f expn�`)lCn��)l¡ d $ℏ ¸��8{ , 8, 5)f��.(A.9) 

 

Here¸�8, 5; ³, ´, �) = ¸��8, 5; ³, ´) + ¸��8�5), �).(A.10) 

 

Let us consider now regularized quantum average 

 �〈�®$ , 5; ³, ´, �, �〉)� = "# &��$ 	|Ψ��5, �; ³, ´, �)|�∞D∞ '� .(A.11) 

 

From (A.5) and (A.11) one obtain  

 �|�®$ , 5; ³, ´, �, �|��
≤ ÷» &� ø » mc48���,Ψ"8�0)'4|8$�5�|,�/�exp M− 1� ¸�8, 5; ³, ´, �)O cosn�`)lC M1ℏ ¸��8{ , 8, 5)Où�ú

�
+ 

 +w#&� ¶# mc48��),Ψ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´, �)f sinn�`)lC d�ℏ ¸��8{ , 8, 5)f¹�x�(A.13) 

 

From Eq.(A.5)-(A.13)one obtain  

 |〈�®$ , 5; ³, ´, �, �〉 − �$| = û〈�®$ , 5; ³, ´, �, �〉 − �$ » &�|Ψ��5, �; ³, ´, �)|�∞

D∞ û = 

 

=@# &�4�$ − �$,	|Ψ��5, �; ³, ´, �)|�∞D∞ @ ≤ # &�|�$ − �$|	|Ψ��5, �; ³, ´, �)|�∞D∞ = 
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= »&� ø » mc48��),Ψ"8�0)'4|8$�5� − �$|,�/�exp M− 1� ¸�8, 5; ³, ´, �)O cosn�`)lC M1ℏ ¸��8{ , 8, 5)Où� + 

 +#&� ¶# mc48��),Ψ"8�0)'4|8$�5� − �$|,�/�exp d− �� ¸�8, 5; ³, ´, �)f sinn�`)lC d�ℏ ¸��8{ , 8, 5)f¹�
(A.14) 

 

Using replacement8$��) − �$ ≔ 8$��), � = 1, … , & into RHS of the Eq.(A.9)one obtain 

 |〈�®$ , 5; ³, ´, �, �〉 − �$| ≤ 

 

≤ » &� ø » mc48���,Ψ"8�0�'4|8$�5�|,�/�exp M− 1� ¸�8, 5; ³, ´)O cosn�`)lC M1ℏ ¸��8{ , 8 + �, 5)Où� + 

 

+»&� ø » mc48��),Ψ"8�0)'4|8$�5�|,�/�exp M− 1� ¸�8, 5; ³, ´)O sinn�`)lC M1ℏ ¸��8{ , 8 + �, 5)Où� = 

 = #&� 4ý����, 5; ³, ´, �, �), + # &� 4ý����, 5; ³, ´, �, �),.(A.15) 

 

Here ¸�8, 5; ³, ´) = ¸��8, 5; ³, ´) + ¸�"8�5)', ¸��8, 5; ³, ´) = » &�4748��),�; ³, ´9,,`
�  

 ¸�"8�5)' = 48�5),�, � ∈ ℝ.(A.16) 

 

and ý���, 5; ³, ´, �, �) = 
 = # mc48��),Ψ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´)f cosn�`)lC d�ℏ ¸��8{ , 8 + �, 5)f(A.17) 

 ý���, 5; ³, ´, �, �) = 

 = # mc48��),þ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´)f sinn�`)lC d�ℏ ¸��8{ , 8 + �, 5)f.(A.18) 

 

Let us rewrite a functionZ��8��) + �, �)in the following equivalent form: 

 Z��8��) + �, �) = Z�,��8��), �, �) + Z�,��8��), �, �),(A.19) 

 Z�,��8��), �, �) = ¿�,��8��), �, �)8��) + ¿�,��8��), �, �)8���),(A.20) 

 Z�,��8��), �, �) = ¿�,��8��), �, �)8���) + ⋯+ ¿�,��8��), �, �)8���),(A.21) 

 

where	¿�l�,��8��), �, �) = ����, �), ¿�l�,��8��), �, �) = ����, �), … , ¿�l�,��8��), �, �) = ����, �). 
Let us evaluate now path integralý��5; ³, ´, �)given via Eq.(A.17). Substitution Eq.(A.19)into RHS of the 

Eq.(A.17) gives 

 ý���, 5; ³, ´, �, �) = ý���)��, 5; ³, ´, �, �) + ý���)��, 5; ³, ´, �, �) = 
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» mc48��),Ψ"8�0)'4|8$�5�|,jKexp M− 1� ¸�8, 5; ³, ´)O cosn�`)lC M1ℏ ¸�,��8{ , 8 + �, 5)O cos M1ℏ ¸�,��8 + �, 5)O + 

 +# mc48��),Ψ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´)f sinn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f sin d− �ℏ ¸�,��8, �, 5)f,(
A.22.a) 

 

 ý���, 5; ³, ´, �, �) = ý���)��, 5; ³, ´, �, �) + ý���)��, 5; ³, ´, �, �) = 

 

» mc48��),Ψ"8�0)'4|8$�5�|,jKexp M− 1� ¸�8, 5; ³, ´)O cosn�`)lC M1ℏ ¸�,��8{ , 8 + �, 5)O sin M1ℏ ¸�,��8 + �, 5)O + 

 +# mc48��),Ψ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´)f sinn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f cos d− �ℏ ¸�,��8, �, 5)f, 
(A.22.b) 

 

where 

 ¸�,��8{ , 8, �, 5) = # ���8{ ��), 8��), �, �)�̀ &�, ���8{ ��), 8��), �, �) = Y� 8{���) − Z�,��8��), �, �),(A.23) 

 ¸�,��8, �, 5) = # Z�,��8��), �, �)�̀ &�,(A.24) 

 ý���)��, 5; ³, ´, �, �) = 

 # mc48��),þ"8�0)'4|8$�5�|,jKexp d− �� ¸�8, 5; ³, ´)f cosn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f cos d�ℏ ¸�,��8, �, 5)f,(A.25.

a) 

 ý���)��, 5; ³, ´, �, �) = 

 # mc48��),þ"8�0)'4|8$�5�|,jKexp d− �� ¸�8, 5; ³, ´)f cosn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f sin d�ℏ ¸�,��8, �, 5)f,  

(A.25.b) ý���)��, 5; ³, ´, �, �) = 

 # mc48��),Ψ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´)f sinn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f sin d− �ℏ ¸�,��8, �, 5)f.(A.2

6.a) 

 ý���)��, 5; ³, ´, �, �) = 

 # mc48��),Ψ"8�0)'4|8$�5�|,�/�exp d− �� ¸�8, 5; ³, ´)f sinn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f cos d− �ℏ ¸�,��8, �, 5)f. 
(A.26.b) 

 

Let us evaluate now�-dimensional path integralý�,a��)��, 5; ³, ´, �, �): 
 ý�,a��)��, 5; ³, ´, �, �) = 
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= » mac48��),Ψ"8�0)'4|8$�5�|,jKexp M− 1� ¸�8, 5; ³, ´)O cosn�`)lC M1ℏ ¸�,��8{ , 8, �, 5)O cos M1ℏ ¸�,��8, �, 5)O = 

 

= » mac48��),Ψ"8�0)'4|8$�5�|,jKexp M− 1� ¸�8, 5; ³, ´)On�`)lC ¼cos M1ℏ e�,��8{ , 8, �, 5)O
+ 1½ cos M1ℏ ¸�,��8, �, 5)O − 

 −# mac48��),Ψ"8�0)'4|8$�5�|,jKexp d− �� ¸�8, 5; ³, ´)fn�`)lC cos d�ℏ ¸�,��8, �, 5)f.(A.27) 

 

From Eq.(A.27) one obtain the inequality  

 @ý�,a��)��, 5; ³, ´, �, �)@
≤ �» mac48��),Ψ"8�0)'4|8$(5)|,jKexp M− 1ℏ ¸(8, 5; ³, ´)O ¼cos M1ℏ ¸�,�(8{ , 8, �, 5)O + 1½� − 

 

− » mac48(�),Ψ"8(0)'4|8$(5)|,jKexp M− 1ℏ ¸(8, 5; ³, ´)On(`)lC
cos M1ℏ ¸�,�(8, �, 5)O = 

 

= � » mac48(�),Ψ"8(0)'4|8$(5)|,jKexp M− 1ℏ ¸(8, 5; ³, ´)On(`)lC
cos M1ℏ ¸�,�(8{ , 8, �, 5)O� + 

 

+ » mac48(�),Ψ"8(0)'4|8$(5)|,jKexp M− 1ℏ ¸(8, 5; ³, ´)On(`)lC
− 

 −# mac48(�),Ψ"8(0)'4|8$(5)|,jKexp d− �ℏ¸(8, 5; ³, ´)fn(`)lC cos d�ℏ ¸�,�(8, �, 5)f.(A.28) 

 

From Inq.(A.28) one obtain the inequality  

 

@ý�,a(�)(�, 5; ³, ´, �, �)@ ≤ � » mac48(�),Ψ"8(0)'4|8$(5)|,jKexp M− 1ℏ ¸(8, 5; ³, ´)On(`)lC
cos M1ℏ¸�,�(8{ , 8, �, 5)O� − 

 

 

−ò(−1)$ℏD�$(2�)!
∞

$l� » mac48��),Ψ"8�0)'4|8$(5)|,jK¤¸�,�(8, �, 5)¥�$exp M− 1ℏ ¸(8, 5; ³, ´)On(`)lC
= 

 = @��,a(�)(�, 5; ³, ´, �, �, ℏ)@ − ∑ (D�)hℏÕKh(�$)!∞$l� ℛ��$)��, 5; ³, ´, �),(A.29) 

 

where ��,a��)��, 5; ³, ´, �, �, ℏ) = 
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= # mac48��),Ψ"8�0)'4|8$(5)|,jKexp d− �ℏ¸(8, 5; ³, ´)fn(`)lC cos d�ℏ¸�,�(8{ , 8, �, 5)f,(A.30) 

 ℛ�($)(�, 5; ³, ´, �) = # mac48(�),Ψ"8(0)'4|8$(5)|,jK¤¸�,�(8, �, 5)¥�$exp d− �ℏ¸(8, 5; ³, ´)f .n(`)lC (A.31) 

 

Using replacement 8$(�) ≔ ℏjK8$(�), � ∈ 40, 5,, � = 1, … , & into RHS of the Eq.(A.31) one obtain 

 ℛ�($)(�, 5; ³, ´, �)
= ℏ�/b » m�ac48(�),Ψ �ℏjK8(0)� 4|8$(5)|,jK¤¸�,�"ℏ�/�8, �, 5'¥�$exp M− 1ℏ ¸"ℏ�/�8, 5; ³, ´'On(`)l �√ℏ

= 

 

ℏ�/bℏ$/�»&� » m�ac48(�),Ψ�"8(0)'4|8$(5)|,jK¤X̧�,�(8, �, 5, ℏ)¥�$exp4−¸(8, 5; ³, ´),
n(`)l �√ℏn(�)l �√ℏ

= 

 = ℏ�/bℏ$/�ℛ©�($)(�, 5; ³, ´, �),where(A.32) 

 m�ac48(�), = mac dℏjK8(�)f , � ∈ 40, 5,,Ψ�"8(0)' = �I/�(�H)I/�ℏI/� exp d�nK(�)� f,see Eq.(3.1) and 

 X̧�,�(8, �, 5, ℏ) = # Z©�,�(8(�), �, �, ℏ)�̀ &�,(A.33)                                  

 Z©�,�(8(�), �, �, ℏ) = ¿�,�(8(�), �, �)8�(�) + ⋯+ ℏ�Õ	K ¿�,�(8(�), �, �)8�(�).(A.34) 

 

 ℛ©�($)(�, 5; ³, ´, �) = #&� # m�ac48(�),Ψ�"8(0)'4|8$(5)|,jK¤X̧�,�(8, �, 5, ℏ)¥�$exp4−¸(8, 5; ³, ´),.n(`)l �√ℏn(�)l �√ℏ
(A.35) 

 

From (A.29)-(A.35) one obtain 

 

@ý�,a(�)(�, 5; ³, ´, �, �)@ ≤ @��,a(�)(�, 5; ³, ´, �, �, ℏ)@ − ℏj�ò(−1)$ℏ$(2�)!
∞

$l� ℛ©��$)��, 5; ³, ´, �) = 

 ≤ @��,a��)��, 5; ³, ´, �, �, ℏ)@ − ℏj�
���, 5; ³, ´, �),where(A.36) 

 
���, 5; ³, ´, ℏ, �) = ∑ �D�)hℏh��$)!∞$l� ℛ©��$)��, 5; ³, ´, �).(A.37) 

 

Proposition A.1.[21]-[23]Let�|a,Y�a,Yl�a,Yl∞
 be a double sequence|: ℕ × ℕ → ℂ.Letlima,Y→∞|a,Y = ¿. 

 

Then the iterated limit:lima→∞"limY→∞|a,Y'exist and equal to ¿ if and only iflimY→∞|a,Y 

exists for each � ∈ ℕ. 

 

Proposition A.2.Letý���)��, 5; ³, ´, �, �, ℏ) = ý���)��, 5; ³, ´, �, �),where ý���)��, 5; ³, ´, �, �) is given via 
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Eq.(A.25) and let ý���)��, 5; ³, ´, �, �, ℏ) = ý���)��, 5; ³, ´, �, �), where ý���)��, 5; ³, ´, �, �) is given via 

 

Eq.(A.26). Then ý���)��, 5; ³, ´, �, �) = 

 

(1) lim�→²�→�lim		ℏ→� #&� ¤ý���)��, 5; ³, ´, �, �)¥� ≤ 

 

≤ limℏ→� »&� ø » mc48��),Ψ"8�0)'4|8$�5�|,jK
n�`�lC

cos M1ℏ ¸��8{ , 8, �, 5)Où�, 
 

(2) lim�→²�→�limℏ→� #&� ¤ý���)��, 5; ³, ´, �, �)¥� = 0, 
 

(3) lim�→²�→�limℏ→� #&� ¤ý���)��, 5; ³, ´, �, �)ý���)��, 5; ³, ´, �, �)¥ = 0, 
 

(4) lim�→²�→�lim		ℏ→� #&� ¤ý���)��, 5; ³, ´, �, �)¥� ≤ 

 

≤ limℏ→� »&� ø » mc48��),Ψ"8�0)'4|8$�5�|,jK
n�`�lC

sin M1ℏ ¸��8{ , 8, �, 5)Où�, 
 

(5) lim�→²�→�limℏ→� #&� ¤ý���)��, 5; ³, ´, �, �)¥� = 0, 
 

(6) lim�→²�→�limℏ→� #&� ¤ý���)��, 5; ³, ´, �, �)ý���)��, 5; ³, ´, �, �)¥ = 0. 
 

Here  ¸ï�8{ , 8, �, 5) = ¸�l�,��8{ , 8, �, 5) = » ��l��8{ ��), 8��), �, �)`
� &�, 

 ��l��8{ ��), 8��), �, �) = �2 8{���) − Z�l�,��8��), �, �). 
 

Proof(I) Let us to choose an sequence 7ℏY9Yl�∞  such that 

 

(i) limY→∞ℏY = 0 and 

(ii) lim�,y→∞ #&� ¶
��Y)��, 5; ³, ´, ℏY, �)¹ð = limY,a→∞ #&� ¶∑ �D�)hℏÛh��$)!Y$l� ℛ©��$)��, 5; ³, ´, �)¹� = 0. 
 

We note that from (ii) follows that: perturbative expansion 

 

» &� 7
���, 5; ³, ´, ℏY, �)9� = ℏY�/b »&� �ò�−1)$ℏY$�2�)!
∞

$l� ℛ©��$)��, 5; ³, ´, �)�� 
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vanishes in the limit �, � → ∞.From (A.36) and Schwarz'sinequality using Proposition A.1,one obtain 

 limY,a→∞»&� ¤ý�,a��)��, 5; ³, ´, �, �, ℏY)¥�
≤ limY,a→∞» &� ¶@��,a��)��, 5; ³, ´, �, �, ℏY)@ − ℏY�/b
���, 5; ³, ´, ℏ, �)¹�

 

 ≤ limY,a→∞»&� ¶��,a��)��, 5; ³, ´, �, �, ℏY)¹� + 

 

+limY,a→∞ ø2ℏY�/b�M» &� ¶��,a��)��, 5; ³, ´, �, �, ℏY)¹� »&� 7
ε��, 5; ³, ´, ℏY, �)9�O
+ »&� 7
���, 5; ³, ´, ℏY, �)9�ù 

 = limY,a→∞» &� ¶��,a��)��, 5; ³, ´, �, �, ℏY)¹� = limℏ→�lima→∞»&� ¶��,a��)��, 5; ³, ´, �, �, ℏ)¹� = 

 

 =limℏ→� #&� ¶# mc48��),Ψ"8�0)'4|8$�5)|,jKn�`)lC cos d�ℏ ¸��8{ , 8, �, 5)f¹�.(A.38) 

 

Let us to choose now an subsequence�ℏYr�Yrl�∞

 such that the limit:    lim�,a→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥� exist and  lim		�,y→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥� =
limY,a→∞ #&� ¤ý�,a��)��, 5; ³, ´, �, �, ℏY)¥�(A.39) 

From (A.39) andProposition A.1 one obtain 

lim		�,y→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥� = lim		�→∞ ølim		y→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥�ù.(A.40) 

From (A.39),(A.40) and(A.38)one obtain lim�→²�→�limℏ→� »&� ¤ý���)��, 5; ³, ´, �, �)¥� ≤ 

 

≤ lim�→²�→�lim		�→∞ ølim		y→∞»&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥�ù = 

 = lim�→²�→�lim		�→∞» &� ¤ý���)"�, 5; ³, ´, �, �, ℏYr'¥� ≤ 

 ≤ limℏ→� #&� ¶# mc48��),Ψ"8�0)'4|8$�5)|,jKn�`)lC cos d�ℏ ¸��8{ , 8, �, 5)f¹�.(A.41) 

 

The inequality (A.41) completed the proof of the statement (1). 

 

 

 

(II)Let us estimate now �-dimensional path integral  
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 ý�,a��)��, 5; ³, ´, �, �) = 

 # mac48��),Ψ"8�0)'4|8$�5)|,�/�exp d− �ℏ ¸�8, 5; ³, ´)f sinn�`)lC d�ℏ ¸�,��8{ , 8, �, 5)f sin d− �ℏ ¸�,��8, �, 5)f.(A.4

2) 

 

From Eq. (A.42) one obtain the inequality 

 @ý�,a��)��, 5; ³, ´, �, �)@ ≤ 

 

≤ » mac48��),Ψ"8�0)'4|8$�5)|,�/�exp M− 1ℏ ¸�8, 5; ³, ´)On�`)lC �sin M− 1ℏ ¸�,��8, �, 5)O� ≤ 

 

 

≤ ò ℏD��$c�)�2� + 1)!
∞

$l� » mac48��),Ψ"8�0)'4|8$�5)|,jK¤@¸�,��8, �, 5)@¥��$c�)exp M− 1ℏ ¸�8, 5; ³, ´)On�`)lC = 

 

 

 = ∑ ℏÕ�Khij)��$c�)!∞$l� ℘��$)��, 5; ³, ´, �)(A.43) 

 

where 

 ℘��$)��, 5; ³, ´, �) = # mac48��),Ψ"8�0)'4|8$�5)|,jK¤@¸�,��8, �, 5)@¥��$c�)exp d− �ℏ ¸�8, 5; ³, ´)f .n�`)lC (A.44) 

 

Using replacement 8$��) ≔ ℏjK8$��), � ∈ 40, 5,, � = 1, … , & into RHS of the Eq.(A.44) one obtain 

 

 ℘��$)��, 5; ³, ´, �) = 

 

ℏ�/b » m�ac48��),Ψ�ℏjK8�0)� 4|8$�5)|,jK¤@¸�,��8, �, 5)@¥��$c�)exp M− 1ℏ ¸"ℏ�/�8, 5; ³, ´'O
n�`)l �√ℏ

= 

 

ℏ�/bℏ$/� »&� » m�ac48��),Ψ�"8�0)'4|8$�5)|,jK¤@X̧�,��8, �, 5)@¥��$c�)exp4−¸�8, 5; ³, ´),
n�`)l �√ℏn��)l �√ℏ

= 

 = ℏ�/bℏ$/�℘� ��$)��, 5; ³, ´, �),where(A.45) 

 

 m�ac48��), = mac dℏjK8��)f , � ∈ 40, 5,,Ψ�"8�0)' = �I/���H)I/�ℏI/� exp d�nK��)� f,see Eq.(3.1) and 

 X̧�,��8, �, 5, ℏ) = # Z©�,��8��), �, �, ℏ)�̀ &�,                                           (A.46)                                  



International Journal of Recent advances in Physics (IJRAP) Vol.3, No.4, November 2014 

24 

 Z©�,��8��), �, �, ℏ) = ¿�,��8��), �, �)8���) + ⋯+ ℏ�Õ	K ¿�,��8��), �, �)8���).(A.47) 

 ℘� ��$)��, 5; ³, ´, �) =#&� # m�ac48��),Ψ�"8�0)'4|8$�5)|,jK¤@X̧�,��8, �, 5)@¥��$c�)exp4−¸�8, 5; ³, ´),.n�`)l �√ℏn��)l �√ℏ
(A.48) 

 

From (A.43)-(A.48) one obtain 

 @ý�,a��)��, 5; ³, ´, �, �)@ ≤ ℏj� ∑ ℏK�hij)��$c�)!∞$l� ℘� ��$)��, 5; ³, ´, �) = ����, 5; ³, ´, ℏ, �).(A.49) 

 

Let us to choose an sequence 7ℏY9Yl�∞  such that 

 

(i) limY→∞ℏY = 0 and 

(ii) lim�,y→∞ #&� ¶���Y)��, 5; ³, ´, ℏY, �)¹ð = limY,a→∞ #&� ¼∑ ℏÛK�hij)��$c�)!Y$l� ℘� ��$)��, 5; ³, ´, �)½� = 0. 
 

We note that from (ii) follows that: perturbative expansion  

 

»&� 7����, 5; ³, ´, ℏY, �)9� = ℏY�/b »&� �ò ℏ��$c�)�2� + 1)!
∞

$l� ℘� ��$)��, 5; ³, ´, �)�� 

 

vanishes in the limit �, � → ∞.From (A.49) one obtain 

 limY,a→∞ #&� ¤ý�,a��)��, 5; ³, ´, �, �, ℏY)¥� ≤ lim�,y→∞ #&� 7����, 5; ³, ´, ℏY, �)9�.(A.50)            

 

Let us to choose now an subsequence �ℏYr�Yrl�∞

 such that the limit:     lim		�,a→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥� exist and  lim		�,y→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥� =
limY,a→∞ #&� ¤ý�,a��)��, 5; ³, ´, �, �, ℏY)¥�             (A.51) 

From (A.51) and Proposition A.1 one obtain 

lim		�,y→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥� = lim		�→∞ ølim		y→∞ #&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥�ù.      

(A.52) 

From (A.50), (A.51) and (A.52) one obtain 

 lim�→²�→�limℏ→� »&� ¤ý���)��, 5; ³, ´, �, �)¥� ≤ 

 

≤ lim�→²�→�lim		�→∞ ølim		y→∞»&� ¤ý�,a��)"�, 5; ³, ´, �, �, ℏYr'¥�ù = 

 = lim�→²�→�lim		�→∞»&� ¤ý���)"�, 5; ³, ´, �, �, ℏYr'¥� = 0. 
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Proof of the statements (3)-(6) is similarly to the proof of the statements (1)-(2). 

 

Theorem A.1.Letý���, 5; ³, ´, �, �, ℏ) = ý���, 5; ³, ´, �, �), ý���, 5; ³, ´, �, �, ℏ) = ý���, 5; ³, ´, �, �), 
whereý���, 5; ³, ´, �, �) is given via Eq.(A.22a)-Eq.(A.22b). Then  

 lim�→²�→�lim		ℏ→� »&� 4ý����, 5; ³, ´, �, �), ≤ 

 ≤ limℏ→� #&� ¶# mc48��),Ψ"8�0)'4|8$�5)|,jKn�`)lC cos d�ℏ ¸��8{ , 8, �, 5)f¹�,(A.53.a) 

 lim�→²�→�limℏ→� » &� 4ý����, 5; ³, ´, �, �), ≤ 

 ≤ limℏ→� #&� ¶# mc48��),Ψ"8�0)'4|8$�5)|,jKn�`)lC sin d�ℏ ¸��8{ , 8, �, 5)f¹�,       (A.53.b) 

 

 

Here ¸ï�8{ , 8, �, 5) = ¸�l�,��8{ , 8, �, 5) = # ��l��8{ ��), 8��), �, �)�̀ &�,(A.54) 

 ��l��8{ ��), 8��), �, �) = Y� 8{���) − Z�l�,��8��), �, �).(A.55) 

 
Proof. We remain that 

 ý���, 5; ³, ´, �, �, ℏ) = ý���)��, 5; ³, ´, �, �, ℏ) + ý���)��, 5; ³, ´, �, �, ℏ).(A.56) 

 

From Eq.(A.56) we obtain 

 »&� 4ý����, 5; ³, ´, �, �, ℏ), ≤ »&� ¤ý���)��, 5; ³, ´, �, �, ℏ)¥� + 

 »&� ¤ý���)��, 5; ³, ´, �, �, ℏ)¥� + 2»&� ¤@ý���)��, 5; ³, ´, �, �)ý���)��, 5; ³, ´, �, �, ℏ)@¥ = 

 = »&� ¤ý���)��, 5; ³, ´, �, �, ℏ)¥� + »&� ¤ý���)��, 5; ³, ´, �, �, ℏ)¥� + 

 +2Ç#&� ¤ý���)��, 5; ³, ´, �, �, ℏ)¥� #&� ¤ý���)��, 5; ³, ´, �, �, ℏ)¥�.(A.57) 

 

Let us to choose now an sequences7ℏY9Yl�∞ , 7��9�l�∞ , 7³ô9ôl�∞  such that: 

 

(i) limY→∞ℏY = 0, lim�→∞�� = 0, 		limô→∞³ô = 0 

 

(ii) lim�→∞ô→∞ lim�→∞ #&� ¤ý���)��, 5; ³ô , ´, �, ��, ℏY)¥� = 

 

 =lim�→∞ô→∞ limY→∞ #&� ¤ý���)��, 5; ³ô , ´, �, ��, ℏY)¥� = 0,(A.58) 
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(iii) lim�→∞ô→∞ limY→∞ #&� ¤ý���)��, 5; ³ô , ´, �, ��, ℏY)¥� ≤ 

 ≤ limℏ→� #&� ¶# mc48��),Ψ"8�0)'4|8$�5)|,jKn�`)lC cos d�ℏ ¸��8{ , 8, �, 5)f¹�.(A.59) 

 

Therefore from inequality(A.57),Eq.(A.58) and inequality(A.59)we obtain 

 lim�→²�→�limℏ→� »&� 4ý����, 5; ³, ´, �, �, ℏ), ≤ lim�→∞ô→∞ limY→∞»&� 4ý����, 5; ³ô , ´, �, ��, ℏY), ≤ 

 ≤ lim�→∞ô→∞ limY→∞»&� ¤ý���)��, 5; ³ô , ´, �, ��, ℏY)¥� + lim�→∞ô→∞ lim�→∞»&� ¤ý���)�, 5; ³ô , ´, �, ��, ℏY)¥� + 

 

+2lim�→∞ô→∞ lim�→∞�»&� ¤ý���)�, 5; ³ô , ´, �, ��, ℏY)¥� » &� ¤ý���)�, 5; ³ô , ´, �, ��, ℏY)¥� = 

 lim�→∞ô→∞ limY→∞»&� ¤ý���)��, 5; ³ô , ´, �, ��, ℏY)¥� = 

 = limℏ→� #&� ¶# mc48��),Ψ"8�0)'4|8$�5)|,jKn�`)lC cos d�ℏ ¸��8{ , 8, �, 5)f¹�.    (A.60) 
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