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Keywords:

Quantum jumps, quantum measurements theory, quantum averages, limiting quantum trajectory,
Schrodinger  equation,Stochastic — quantum  jump  equation,Colombeau  solution,Feynman path
integral,Maslov canonical operator, Feynman-Colombeau propagator.

1. Introduction

A number of experiments on trapped single ions or atoms have been performed in recent years [1,2,3,4].
Monitoring the intensity of scattered laser light off of such systems has shown abrupt changes that have been
cited as evidence of "quantum jumps" between states of the scattered ion or atom . The existence of such
jumps was required by Bohr in his theory of the atom.Bohr’s quantum jumps between atomic states [5] were
thefirst form of quantum dynamics to be postulated.He assumed that an atom remained in an atomic eigen
state until it made an instantaneous jump to another state with the emission or absorption of a photon. Since
these jumps do not appear to occur in solutions of the Schrodinger equation, something similar to Bohr's idea
has been added as an extra postulate in modern quantum mechanics.

Stochastic quantum jump equations [6], [7],[8]were introduced as a tool for simulating the dynamics of a
dissipative system with a large Hilbert space and their links with quantum measurement theorwere also
noted[9],[10],[11],[12],[13].This measurement interpretation is generally known as quantum trajectory
theory [14].By adding filter cavities as part of the apparatus, even the quantum jumps in the dressed state
model can be interpreted as approximations to measurement-induced jumps [15].

The question arises whether an explanation of these jumps can be found to result from an Colombeau solution

[16]-[18](W.(x,t; 1)), of the Schrodinger equation alone without additional postulates. We found exact
quasi-classical asymptotic of the quantum averages with position variable with localized initial data.
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(i, t,xg; h,e))e = (f xi|Ye(x, t, xo; h)|2dx)g,£ € (01],x,x, € RY, i =1,...,d, (1.1)

i.e. we found the limiting Colombeau quantum averages (limiting Colombeau quantum trajectories) such
that[18]:

((l, t, Xo; 8))8 = (li_mfl—>0<il t, Xo; h, S))g =

=(limpof x| Pe (6, t, %0; 1)|%dx) e € (0,1 x ER%,i=1,...,d,t € [0,T](1.2)

And limiting quantum trajectories q(t, xo) = {q1(t, Xo), ..., 4 (t, xo)} € R%,t € [0, T]such that
qi(t, x0)=(i, t, x¢) = limg_,olimy_,o(i, t, xo; A, €) =

= limgolimy o x;|¥.(x, t, Xo; 1) |?dx, x € R%,i = 1, ...,d(1.3)

if limit in LHS of Eq.(1.3) exist.

The physical interpretation of these asymptotic given below, shows that the answer is "yes" for the
limiting quantum trajectories with localized initial data.

Note that an axiom of quantum measurement is:if the particle is in some statel‘Pt_g) thatthe
probabilityP(x, §x) of getting a resultx € R%at instant t with an accuracy of ||8x|| « 1will be given by

’ 2 ’ ’ 2 ’
Pe(x,0%,20; 1, 8) = fi oyl (8 1Pee| X = f s [We ('t 205 )| d'(1.4)
We rewrite now Eq.(1.4) of the form

ma
[lx=1l

1 , 2 ,
P:(x,6x,x0; h, &) = waﬁ’g(x,t,xo; h)| exp [_W] dx (1.5)

We define well ocalized limiting quantum trajectories

q(t) = q(t' xO) = {ql(t' xO)' "'rqd(t' xO)} € ]Rd;
q(0,xy) = xo,t € [0,T] such that:

(li_m||6q(t)||—>0h_mh—>opt(q(t): 8q(t), xo; h, S))g = 1(1.6)

And well localized limiting quantum trajectories q(t) = q(t,xo) = {q1(t, o), ..., g4 (t, x0)} € RY,
q(0,x,) = xy,t € [0, T]such that:

limg,olimysq(e)|»0limpo P (q(t), 8q(t), xo; h, &) = 1(1.7)

if limit in LHS of Eq.(1.7) exist.
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2. Colombeau solutions of the Schrodinger equation and
correspondingpath integral representation

Let H be a complex infinite dimensional separable Hilbert space, with inner product <-,-> and norm | - |.

Let us considerSchrodinger equation:

—ih (""gf)) + A@)Y(E) = 0,%(0) = ¥y (x),2.1)

hZ
H() = — (%) A+V(x,t).2.2)
HereoperatorH(t): R X H — H is essentially self-adjoint, H(t)is the closure of H(t).

Theorem 2.1. [19],[20].Assume that:(1) Wo(x)EL( R% ),(2) V(x,t) is continuous and
SUP,erd ¢eo.r |V (%, t)]) < +oo.Then corresponding solution of the Schrodinger equation (2.1)-(2.2)

exist and can be represented via formulae

nm )d(n+ 1)/2
4mith

P(t,x) = limn_,w( Ja -+ Jpa dXodxy ... dx, ¥ (xo)exp [%S(xo,xl, v Xy X1} t)],(2.3)

where we have set x,,,; = xand

m |xj4q—x;|?
S(XO,XI, e X Xn+1s t) = 7L"l=1 :l(-:;—n)zl - V(xi+1' tl)]l(24)

where t; = ;—t.Let qn(t)be a trajectory; that is, a function from[0, t]toR%withg, (0) = x,and setq, (t;) =
x;,1 =1,...,n+ 1.We rewrite Eq.(2.3) for a future application symbolically for short of the following form
Wt ) = lim, [, DIan(©)]%0(40(0)) exp [5(a.(8), % )],2.5)

where we have set(i) S(q,(t),x;t) = S(xg, X1, ) Xp, Xn4q; t) and (i1)D[q, (t)]that is, a

d(n+1)/2 "
) " dx;.(2.6)

Dlgn()] = (=

4mith

Trotter and Kato well known classical results give a precise meaning to the Feynmanintegral when the
potential V(x,t)is sufficiently regular[18]-[19]. However if potential V(x,t)is a non-regular this is well
known problem to represent solution of the Schrédinger equation (2.1)-(2.2) via formulae(2.3), see [19].

We avoided this difficulty using contemporaryColombeauframework[16]-[18]. Using replacementx; —

#ilxlz"’ € € (0,1],k = 1we obtain from potential V(x, t)regularized

potentialV, (x, t), € € (0,1], such that V,_,(x,t) = V(x, t)and
i) (Ve(x, 1)), € G(RY),

(i) SUPyepa o Vet D) < +o0,2 € (0,11.2.7)
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Here G(R%)isColombeau algebra of Colombeau generalized functions [16]-[18].

Finally we obtainregularizedSchrodinger equation of Colombeau form[16]-[18]:

—ih (%)g + (ﬁg(t)‘f’g(t))g = 0,(¥(0)), = ¥o(x),2.8)

H.(t) = — (%) A+ V.(x,£).(2.9)

Using the inequality (2.7) Theorem 2.1 asserts again that corresponding solution of the Schrédinger
equation (2.8)-(2.9)exist and can be represented via formulae [18]:

(‘Pg(t, x))g =

. d(n+1)/2 .
(llmn_m (%) Jra - Jga dxodxy ... dxn, ¥ (xo)exp [%Sg(xo,xl, oo Xy X1 t)]) (2.10)
&
where we have set x,,; = x and

m |xipq—xi|?
Se (X0 X1y eues Xy Xpp1; t) = ?:1 [Z(Z—n)z = Ve(xit1, ti)]r(2~1 D

where we have set t; = ;—t
We rewrite Eq.(2.10) for a future application symbolically of the following form
. i
(e(t,0)), = (imnoce f, oy DIan(O1%0(3(0)) exp [+5: (g (6); t)])g, 2.12)
Or of the following form
(¥ (6:2), = (limpen ¥, ,(60)) = (limges [y, Dalg(O1¥0(a2(0)) exp |1 5. (4(0), 4 (0 )]) . 2.13)
For the limit in RHS of (2.12) and (2.13) we will be used canonical path integral notation
(¥ (6:2)), = (Jye PlaOI¥s(4(0)) exp S (4(®), q(®)]) ,2.14)

whereS, (4(0),4(0)) = [§ [ 4*() = Ve(q(s), )] ds.
Substitutionn = 8k + 7 into RHS of the Eq.(2.10) gives

(‘Pg(t, x))s =

) (8k+7)m\ 44k +4) i
(llmk_m ( 4mhm) S+ Jpa dxodxy ... dXgiyr ¥ (o) exp [%Ss(xo,xl, s Xgit7 » Xakt8) t)]) (2.15)
&

We rewrite Eq.(2.15) for a future application symbolically of the following form
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(¥t ), = (limse f, o D 10 (O] 0(0(0)) exp [£5,(qa(0); t)])g, (2.16)

or of the following form

e n i . )
(¥.(6:2)), = (1Mo fy o, DE LA @] ¥0((0) exp [ .40, q(@;0)]) . 2.17)
For the limit in RHS of (2.16) and(2.17) we will be used following path integral notation

(¥e(6:2)), = (J e D Ta@1¥0(q(0) exp [15:(4(0), 4(0)]) 2.18)

Let us consider now regularized oscillatory integral

(]S,n(t; h)) (fRd e Jpa dxodxy o dxn f (g, %1, v, X)W (20D EXP [%Ss(xo,xl, ey X t)])g.(2.19)

&
Lemma2.1.(Localization Principle [25]-[26])Let Q be a domain inR**"and f € Cg(Q)

be a smooth functionof compact support, S, € C*(Q), ¢ € (0,1]be a real valued smooth function
withoutstationary points in supp(f), i.e.0,S.(x) # 0 for x € Q. Let Lbe a differential operator

L) = =Tk (1500|752 F). @20)

6xi

Then

(|]£,n(t; h)|)£ < th L(f(x)) dx.vn,m € N, Vha < 1thereexistc,, such that

(Jen(& M) < cnh™IfILIf1l = suPreq TiatsmlDf1. 221

Lemma2.2. (Generalized Localization Principle) Let Q,, be a domain in R%*™ and f, € Cy(Q,)
be a real valued smooth function without stationary points in supp(f), i.e. 3,S.(x) # 0 for x € Q,

and let (508 (t; h))g be infinite sequencen € N:

(Pen(t: )

&

d(n+1)/2 .
(( nm ) an dxodxy ... dxp fr (X0, X1, o, X)), (X0 ) EXP [%Sg(xo,xl, v X t)]) (2.22)
&

4mith

Then there exist infinite sequence {Ay}ken, limy_,fx = 0 such that

<1im2—>oo,§0&n(t; hk)> = 0.

&

Proof.Equality (2.23) immediately follows from (2.21).

Remark?2.1.FromLemma2.2follows thatstationary phase approximationis not a valid asymptotic
approximation in the limit A — 0 for a path-integral (2.14) and (2.18).
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3. Exactquasi-classical asymptotic beyond Maslov canonical operator

Theorem3.1.Letus considerCauchy problem (2.8) with initial data¥ (x)is givenvia formula

d/a

_ n
¥ol) = Gramman

exp [— %},(3.1)

where 0 < A « n < land x? = (x, x).

(1) We assume now that: (i) (V.(x, t))g € G(R?), (ii)Vezo(x, 1) = V(x, t): Ry x RT 5 R
and
(iii)vt € R functionV (x,t) is a polynomial on variable x = (x4, ..., Xg), i.e.

V(x,t) = Xjaem 9aOx%, a = (iy, ., ig), x% = xil X .. X x;d, |l = ¥4, i(3.2)

(2) Let u(t, t, A, x,y) = (u1 (T,t, 4, x,9), .., ug(t,t, 4, x, y))be the solution of the boundary
problem

a2uT (7.t Ax,y)
at?

= Hess[V(A, T)]uT(z,t,A,x,y) + [V’(A, T)]T,(3.3)
u(OI t; AJ X, y) = y: u(tl t; AJ X, y) = x'(34)

Here 1 = (A4,...,24) € RL,uT(1,t,4,x,y) = (ul(T, t,A,xy), ..., us(t,t A x, y))T,

0%V (x,t)
6xi6xj o

VA1) = ([M vt (3.5)

o] 2] sty =

A

(3) LetS(t, A, x,y) be the master action givenvia formula
S(t, A x,y) = fot L(u(r, t, A, x,y),u(t,t,4,x,y),7) dr,(3.6)

Where master LagrangianL (i1, u, T) are

L@ 7) = 202 (1,6, 4,2,y) — V(u(r 6 4 x,y), 0,0 = (52,2

- ),uz = (i1, 11),(3.7)

V((tt,4xy),7) =u,t,4,x,y)Hess[V(A, DT (7, t,4,x,y) + VA, DuT (7, t,4,x,y). (3.8)

Let V. = Ve (t, A, x) € R be solution of the linear system of the algebraic equations
(B2 =0i=1,..d (9
i Y=Ycr

(4) Let £ = £(t,1,x,) € R? be solution of the linear system of the algebraic equations
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Yer(& A, %) + A —x9=0. (3.10)
Assume that: for a given values of the parameters t, 4, xothe point X = Z(t, A, x,)is not a focal point on a

corresponding trajectory is given by corresponding solution of the boundary problem (3.3).Then forthe
limiting quantum averagegiven via formulae (1.1) the inequalities is satisfied:

limpo[(i, t, x5 R) — 2] <
&0

<2 “detSycrycr (t, A, 2(6, 4, %), Yer (6, 4, 2(E, A, xo)))”_l 12,6, 4 x)]i = 1, ..., d.(3.11)

Thus one can to calculate the limiting quantum trajectory corresponding to potentialV (x, t)by using
transcendental masterequation

Xt A,x)=0i=1,..,d.(3.12)
Proof. From inequality (A.15) and Theorem A1, using inequalities(A.53.a) and (A.53.b) we obtain

limesolim a0 |(X;, T; 0,1, A, €) — A;| < limpo[ R (T, A) + R, (T, D], i =1, ...,d,(3.13)

-0

where
Ry(T, 1) = [ dx{f, ., _ D*[a(O1¥(q@)lq.(D)Jz cos [ 5:(6,4,4,T)]} 3.14)

2

Ry(1,2) = [ dx{f, ., _ D a@OI¥(q)llaDIsin[t8:G0. D]} . 3.15)

We note that

R(T,A) = [ dx [Ry(x, T, D]", Ry(T, 1) = [ dx [R,(x, T, D)]",  (3.16)
where

< 1 1
R = [ D@ (@) a1 cos 15,47 =
q(T)=x

= [ dy Jaery=x D*[a®1¥(q(0)[lq (DI cos [-81(4,4., )] = [ dyR (x,y, T, 2),3.17)
q(0)=y

Ry (0,y,T,2) = Jerr= D*[a(O1¥(q(0))[lq,(TI]z cos [ 51(G, 4,2, 7)|(3.18)
q(0)=y

and
- 1 1
BT = | D L@@l sin[5,G0.47)] =
q(T)=x

= [ dy Jary=x D*[a@1¥(q(0))[lq,(T) [z sin [ 5,4, ¢, 4,7)] = [ dyRy (e, y, 7,2, (3.19)
q(0)=y
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By (6,3, T,2) = fory=x D*[q(1¥(q(0))[lq,(T) 1z sin [2 5,4, 4,2,7)].3.20)
q(0)=y

FromEq.(3.18) one obtain

Ri(x,y,T,A) = %[ﬁm(x, ¥, T,A) +Ry,(x,v,T,1)],3.21)
where

R11009,T,2) = fymrme D*[a@1¥(q(0)) g (D)2 exp [51(6,9.2,7)],3.22)
q(0)=y

B12009,T,2) = farrmx D*[a@O1¥(q(0)) 1 (T)[)7 exp |~ 5,6, 4,4,1)]3.23)
q(0)=y

Let us calculate now path integral R, ; (x,y,T,)and path integral R, ,(x,y, T, 1),using stationary phase

approximation .From Eq.(A.23) follows directly that actionS,(q,q,A,T) coincide with master action
S(t, A, x, y)isgiven via formulae (3.6)-(3.8) and therefore from Eq.(3.22) and Eq.(3.23) one obtain

Ry (6, T, H) = f D+[q(t)]‘P(q(O))[qu(T)I]%eXp %Sl(q.q.ﬂ.T) =

q(T)=x
q(0)=y

o 1 i
=Ry 1 (6, T, ) = (|2 (0)exp [£5(5,2,x,)|(3.24)
and

Ruoy T = [ DH@I(O)llaDEexp [5,G.0.47)] =

q(T)=x
q(0)=y

- 1 i
= Ri,(x,y,T,2) = [l ¥()exp - +5(t, 1,%,)](3.25)
From Eq.(3.17) and Eq.(3.24) we obtain
gél (xl TI /1) = f dygél (xl Y, T; A)(326)

Substitution Eq.(3.25) into Eq.(3.26) gives

Ray (e, T,2) = [lTz [ dy ¥O)exp [£5(2, 4,2, )] 3.26)

Similarly one obtain
gél,Z(x: T, A) = [lxll]ifdy \P(y)exp I:_%S(tl l' X, Y)](327)

Let us calculate now integral R;,(x,T,A) and integral R;,(x,T,1) using stationary phase
approximation. Let y., = y.-(t,4,x) € R? be the stationary point of master actionS(t, 4, x,y)
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and therefore Eq.(3.9) is satisfied. Having applied stationary phase
Approximation one obtain

jél,l(x' Yer (t, l' x): T: /1) =

_1 1 ;
[|dEtSyC‘r}’cr(t’ A x, Ve (t, A, x))” 2[|xi|]5‘1’(ycr(t, A, x))exp [ES(t’ Ax, v (t, A, x))],(3.28)
ﬁm (x' ycr (t, A! X), T' A) =
_1 1 ;
[ldEtSJ/c‘rYCr (t, A x, Ve (t, A, x))” 2[|x; |]5‘P(ycr (t, 4, x))exp [— ES(t’ Ax, v (t, A, x))].(3.29)

Substitution Eq.(3.28)-Eq.(3.29)into Eq.(3.21) gives

1

jél (x, Yer (t' /L X), T, A) = E [ V1,1 (x' Yer (t, /L X), T, A) + jél,z (X, ycr(t' )l' x)' T' /1)] =

_1 1
= [|dEtSyC‘r}’cr(t’ A x, Ve (t, A, x))” 2[|xi|]5‘P(yCT(t, A, x)) X

i i
X {exp [ES(t, Ax, Ve (t, A, x))] + exp [—ES(t, Ax, Ve (t, A, x))]} =

_1 1
= [|det5ycrycr(t, 4%, Yer (8, 24,50)|] 20 112¥ (yer (8, 2, %) ) cos [%S(t, A x, Y (t, A, x))].(3.30)

Substitution Eq.(3.30) into Eq.(3.16)gives
Ry (T, ) = fdxfdx [R,(x, T, )] =

= [dx [|det5ycrycr(t, A%, Yer (8, A, x))”_llxil‘l’2 (ycr(t, A, x))cos2 [%S(t, A%,y (t A, x))].(3.31)

Similarly one obtain

Ry (T,2) = f dx f dx [y e, T, D] =

= [dx [|det5ycrycr(t, A%, Ver (8, A, x))”_llxil‘l’2 (ycr(t, A, x))sin2 [%S(t, A%,y (E A, x))].(3.32)
Therefore
R(T,A) = Ry(T, ) + Ry(T, ) = 2 [ dx [|detS,_ .. (6,4, %, Yer (6, 4,)) || 121 %2 (yer (£, 2, %))-(3.33)
Substitution Eq.(3.1) into Eq.(3.33) gives

d/2 _ x)—x0)2
R(T, Q) = Z(ZH)ZWf dx [ldEtSJ/ch/c‘r(t’ A%, Ve (t, A, x))” 1|xi|exp [— M}(&M)

Let us calculate now integral (3.34)using Laplace’s approximation.It is easy to see that corresponding
stationary point® = £(t, 4, x,) € R%is the solution of the linear system of the
algebraic equations(3.10). Therefore finally we obtain
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-1
R(T,2) = 21%:(t, 4, %) [|detSy, ., (6.4, 2(6,4,%0), yer (8,4, 2(6, 2, %0)) )| | + 0%,

i=1,..,d.(3.35)

Substitution Eq.(3.35) into inequality (3.13) gives the inequality(3.11). The inequality (3.11)
completed the proof.

4. Quantum an harmonic oscillator with a cubic potential supplemented

by additive sinusoidal driving.

In this subsection we calculate exact quasi-classical asymptotic for quantum an harmonic oscillator with a
cubic potential supplemented by additive sinusoidal driving. Using Theorem3.1 we obtain corresponding

limiting quantum trajectories given via Eq.(1.3).
Let us consider quantum an harmonic oscillator with a cubic potential
mo?
V(x) = sz —ax®+bx,x € R,a, b > 0(4.1)
supplemented by an additive sinusoidal driving. Thus
mw?
V(x,t) = sz — ax? + bx — [Asin(Qt)]x. 4.2)
The corresponding master Lagrangian given by(3.7),are

L(u,u,1) = (%) u?—-m ((w—z) + (ﬂ)> u? — (mw?1 + 3aA2 — b — Asin(Qt))u.(4.3)

2 m

2 3aa .
We assume now that: % + % > 0 and rewrite(4.3)of the form

L(,u, 1) = (m/2)W? — (mw?A/2)u?+ g(4, u, (4.4)

where @ (1) = /2 |“’72 +222| and g(4,t) = — [mw? +3a2* = b — Asin(Q - £)].

The corresponding master actionS(t, 4, x, y) given by Eq.(3.6), are

mw
S(t, A4 x,y) =

2x [t
24 42 — aX )
2sinwt [(cos@t) (v + %) = 2xy + mw_fo 94, 7) sin(w7) dt +

+ %fotg(/l, ) sin(w(t — 1)) dt — Lfot forg()l, 1)g(4, s)sinw (t — 1) sin(ws) dsdt].(4.5)

m2w?

The linear system of the algebraic equations(3.9) are

a5(tA,x,) 2 ot .
Txy = 2ycoswt — 2x + Efo g, t)sin((w(t —1))dt =0. (4.6)
Therefore
1 t ,
Yer (6,4, %) = Co:m —— fo g, Osin((@(t — 1))dr (4.7)

10
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The linear system of the algebraic equations (3.10) are

X 1

coswt mwcoswt

fotg(l, Osin((@(t—1))dr+A1—x,=0. (4.8)

Therefore the solution of the linear system of the algebraic equations (3.10) are
2(t,A,x9) = %fotg(l, t)sin((@(t — 7))dr + (A(t) — xo)coswt.  (4.9)
Transcendental master equation (3.11) are

ﬁfotg(/l(t), t)sin((@(t — 7))dt + (A(t) — xp)coswt =0 (4.10)

Finally from Eq.(4.10) one obtain

d(a®) (=22 - 2) + Al@sin@)-0sin@0) _ ) 1) _ x ymacos(wt) = 0,4.11)

@ @w2-02

whered(1) = mw?A + 3aA? — b.
Numerical Examples.

Examplel.xo =0,m=1,Q=0,0w =9,a =3,b=10,4A=0.

03— 03
\ ™ I
01 F\\ N o2 4
MO N, M0
o1 N\ B o1 E
S
ot P 1 1 L T I
9 91 94 95 9% 5 97 9% 99

Pic.1. Limiting quantum trajectoryA(t)Pic.2. Limiting quantum trajectory A(t) with a jump

5. Comparison exact quasi-classical asymptotic withstationary-point
approximation.

We set nowd = 1.Let us consider now path integral (2.14) with S.(q(t), q(t); t)given via formula

5:(4(),9(®),0) =1 [}[4(1) = F(q(@), D)? dz. (5.1)

Note that for corresponding propagatorK, (x, t|y, 0)the time discretized path-integral
representation

Ken(x, t|y, 0)are :
dx,dx,..dxy—_q

KS,N(x' tly, 0) = IWEXP [%SS,N(‘XO' ,xN)],(S.Z)

whereS, y (%o, ..., Xy)are :

11
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— N-1 xn+1_xn_ 2
Sen (Ko, -y Xy) = 5 ENZE [0 — F (. 1] (53)

Here the initial-x, and end-points x, are fixed by the prescribed x, and by the additional constraint
Xy =Y.

Let us calculate now integral (5.2) using stationary-point approximation. Denoting an critical points of the
discrete-time action(5.3)by x.; = (xlrak, e xN_lrs‘k)it follows that x, satisfies the critical point
conditions are

aSe,N(xo,s,k WX N— 1ekxN€k) 0(5 4)
0xn ek

for n =1,...,N — 1, supplemented by the prescribed boundary conditions for n = 0,n = N: X gy =
X0
xN,E,k = X.

From Eq.(5.2) in the limithA — Ousing form all y Stationary-point approximation one obtain
i
KE,N (x: t |xO: O) = Zs,N—l (xs,k: xO,e,k: xN,s,k)eXp [E SE,N (xs,k: xO,s,k: xN,e,k)] +0 (h)-(S-S)
Here the pre-factorZ y (xg,k)is given via N-dimensional Gaussian integral of the canonical form as

_ rdy,dy,..dyn-— 1a
Zs,N—l(xs,k:xo,s,erN,s,k) _f (4nhAt)N/2 p nm 1¥n

d SEN(xseroeerNsk) ]
ek Xockiek) | (5.6
0%Xn,ek0%m, ek Ym ( )

The Gaussian integral in (5.6) is given via canonical formula

_ d SEN(xSkx()SkxNSk) 172 _ _
Zon-1 (X Xo e Xner) = [41ThAtdet <2At R T )] nm=1,..,N
1.(5.7)

Heredet(An_m) denotethe determinant of anN — 1 X N — 1 matrix with elements A, ,,.
Let us consider now Cauchy problem (2.8) with initial data ¥ (x) is given via formula

n'/* _n(x = z)?
2h |

Yolx) = AR ex

Note that for corresponding Colombeau solution¥W, (¢, x) given viapath-integral(2.14)the time discretized
path-integral representation'¥, y (t, x)are

Wen(6,2) = [ Wolr)Ken e, 0) dxy =
=Yk f deZs,N—l(xs,k' X0, xN,s,k)‘{IO (x0)exp [%SS,N(xs,k'xO' xN,s,k)] [1+0(Rh)].(5.8)

Let us calculate now integrals in RHS of Eq.(5.8) using stationary-point approximation. Corresponding
critical point conditions are

aSeN(xoak S XN— 1£kxN£k) =0. (5 9)
axo,.s,k

12



International Journal of Recent advances in Physics (IJIRAP) Vol.3, No.4, November 2014

From (5.8) we obtain

Ts,N(t: x) =Xk Z.n (xs,k: X0,k x)‘Po (xo,s,k)EXp [éss,N(xs,erO,s,er)] [1+ 0(R)]. (5.10)

aZSE,N(xsero,ser) 1/
Z (%o p %0, p x) = |Atdet | 2Ar —2D-ekm0skm, ,nm=01,..,N—1. (511)

0Xn,ek0%Xm ek

Let as denOte xS’O = (xorsro, xl‘sro, ey XN_LE‘O) = (XO,E‘O (x), xl‘sro(x), ey XN_LS’O(X)) the Critical

point for which the critical point conditions(5.4) are

FELELTES — F (Xne0rtn) = 0,n = 0,1, ..., N = 1.(5.12)

Therefore the time discretized path-integral representation of the Colom beau quantum averages
given by Eq. (1.1) are

(Lt 25,0 = (f x[Wen(x 6 B)|Pdx),

1/2 N2
1 1(Xo,6,0(X) — Zo)
= W(I dxeﬁ‘N(xS_k, xoys_g,x)exp [— 9.£0 - 0 [1+0R>)]+
&
1/2 . 2 _
+(27T)'71W (Zkal [ dxxZ? (% X060, % )EXP [— MDS [1+4 0(h»)] + 0(exp(—ch™)),(5.13)

wherec > 0,¢ € (0,1],x € R.Let us calculate now integrals in RHS of Eq.(5.13) using stationary-point
approximation. Corresponding critical point conditions are

X0,¢,0 (xN,s,O) —zy = 0,(5.14).
Xoex(Xnex) = 2o = 0,k = 1.(5.15).

Here xy . ocan be calculated using linear recursion(5.12) with initial data x, . g = Z.
From Eq.(5.13)-Eq.(5.14) one obtain

(1,620 1)) = (xN,s,OZg,N(xs,kvxO,s,OrxN,s,O))£(5'16)

028 N(Xe kX0 ek XN,£0) —1/2
anng‘N(xg_k,xo’g_k,xN_g’O)=[Atdet(ZAt el ek-0ek Neo )] ,nm=0,1,..,N. (517)

0%Xn,ek0%m ek

As demonstrated in [24] the determinant appearing in(5.11) can be calculated using second
Order linear recursion:

Qn+1,s,k - 2Qn,s,k - Qn—l,s,k =2 Qn,s,kFx'(xn,s,k: tn) - Qn—l,s,kFx'(xn—l,s,k: tn—l) _
(At)? At

Xn+1,ek ~ Xnek

_Qn,s,k [ At - Fs(xn,s,k' tn)] Fg’:xz (xn,s,k' tn) +

+Qn,s,k [Fs,,x (xn,e,k' tn)] ’ - Qn—l,s,k [Fz;,x (xn—l,s,k' tn—l)] 2'

92F,

9Fext) ;}f;"”.(s.w)

dx

Fox(x,t) = Fox(x,t) =

13
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with initial data Q; o, = At,Qpcx = Qe + At + 0((At)*)(5.19)

from which the pre-factorZ, y (xs‘k, Xo,e k0 xN‘gro)in (5.16)follows as

Z.y (xs,k' X0,6,k» xN,e,O) =/ Qnek-(5.20)

In the limit At — 0 from critical point conditions (5.12) and (5.14) one obtain
x(t) — F,(x(t),t) = 0,x(0) = zy5.(5.21)

In the limit At — 0 from a second order linear recursion(5.18)one obtain
the second order linear differential equation

0e0(t) = 2 2[Qe0 (O (x(1), D](5.22)

with initial data

Qe0(0) = 0,Q¢,0(0) = 1.(5.23)

By integration Eq.(5.22) one obtain the first order linear differential equation
Qeo(t) = 2Qe,0(DFex(x(£),£) + 1,Q:,0(0) = 0.(5.24)

In the limit At — 0 from Eq.(5.16), Eq.(5.20)-Eq.(5.21) and Eq.(5.24)one obtain
E®) = (L t,z0; b €) = x(£)Qz5(8)-(5.25)

We set now in Eq.(5.1)

F.(q,7) = —aq® + bx + Asin(Q1).(5.26)

Corresponding differential master equation are

g = —(3aA? — b)q — (aA® — bA) + Asin(Q1), q(0) = z, — 1.(5.27)

From Eq.(5.27) one obtain that corresponding transcendental master equation are

AfA(t tA[A(t
(20 = A(®)] - gE {exp(tAIA(O]) — 1} + A TSR O[A(D)]sin(QD) — Qcos(@D)} +
o = 05:28)

Numerical Examples.

Comparison of the: (1)classical dynamics calculated by usingEq.(5.1) (red curve), (2)limiting quantum
trajectory A(t) calculated byusingmaster equation Eq.(5.28) (blue curve) and (3) limiting quantum
trajectorycalculated by usingstationary-point approximation given by Eq.(5.25)(green curve).

14
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Pic.3.Limiting quantum trajectoryA(t) Pic.4.Limiting quantum trajectoryA(t) without jumps.a =
0.3,b=1,A = 2.withajump.a=1,b = 1,4 = 0.3.

4. Conclusions

We pointed out that there exist limiting quantum trajectories given via Eq.(1.3) with a jumps. Such jumps
does not depend on any single measurement of particle position q(t)at instant tand obtained without any
reference to a phenomenological master-equation of Lind blad form. An axiom of quantum mechanics is that
we cannot predict the result of any single measurement of an observableof a quantum mechanical system in a
super position of eigen states. However we can predict the resultof any single measurement of particle
position q(t) at instant t with a probability P(t,q,6q) =1 if wvalid the condition:

lim,_,olimy54(0)j—0limp_o P (q(£), 8q(t), xo; h, €) = 1,whereP;given via Eq.(1.5).
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Appendix

Let us consider now regularized Feynman- Colombeau propagator(K (x, Tly, 0))5 given by Feynman path

integral:

ReGo 1y, 0;0,D) = Jomy=xD*[a(®)lexp |~ 351(a,T; 0, D] exp |~ 3 82(a(T), D] exp [ 5.(@. 0. T | (A1)
q(0)=y

whereh € (0,1],
$1(q,T;0,1) = [ dt[{[q(t) — 1% 0, 31(A2)

$,(q(1),2) = [q(T) = A%, 2 = (A4, .., Ag) € R4(A3)
S:(4,9,T) = fOTL(C'I (©),q(®),t) dt, L(4(t), q(t),t) = %flz(t) —Ve(@(®©),6), Voo (x,8) = V(x,8),(A4)

V(x,t) = g1()x + g,()x* + gz()x> + - + g (t)x*,(A.5)
. . d
&= (i i), X% = 27 X X 29 [la]l = Z L,
r=1

15
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Ve(@(®),8) = V(qe(),),4:(0) = (q1,6(0), -, 4 (£))(A6)

o) =—219 ¢ (0,1]k > 1.(A7)

1+e2K|q(0)| 2k’

Here: (1)o € (0,1], A < gand (2) for each pathq(t)such
thatq(t) = Y%_; a,sin (nTm) +u(t, T,y,x),u(0,T,y,x) =y,u(T,T,y,x) = x,where u(t,T,y,x)
is a given function, operator{p(t); g, [}are

{q(); 0,1} = They 0 aysin () + Ly ausin (5)(A8)

(3) D*[q(t)]is a positive Feynman “measure”.

Therefore regularized Colombeau solution of the Schrodinger equation corresponding to
regularized propagator(A.1) are

(‘I”s(T, X; 0, l,/’l))s _ (fwdyk[!(y)ES(x,ﬂy, 0; o, l)> =

&

[ prlaoa@)en |- 3560 LD] e |50 D] | =
a(M=x £

= (f dy fymy=xD*[a®19(a(®)exp [~ 35, T;0,L D) | exp [ 5.(G.q, T)]) (A9)
q(0)=y £

HereS(q,T;0,l,A) = 8:(q,T;0,0) + S,(q(T), 1).(A.10)

Let us consider now regularized quantum average

(&1, Ts0,LA,€))e = ()7, dxx; ¥ (T, x; 0, l,/1)|2)£.(A.11)

From (A.5) and (A.11) one obtain

(ljc\u T; g, ll A, sl)g
2

<|[ax{ | DI @)lla (D1 2exp [ 2 5(a, 50, D] cos[ 5. @0, D| | +

q(T)=x
&

1 N E 2
+ (1 dx{f, gy DA (@Ol (D 1V2exp [~ 2500, T30, )] sin [E 5.6, 0. 1]} ) a13)
From Eq.(A.5)-(A.13)one obtain

|(fi,T;O',l,A,€)—/1i| =

(X, T;0,,A, &) — Aif dx|¥ (T, x; 0,1, |2

=|[7 dxlo; — 4] ¥, (T, 20, LD < [ dxlx; = 4| |[¥,(T,x;0,LD|? =

16
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2

1 1
= [ax{ | Dla@(a@)llain) - 21 exp [ 55 T, D] cos [z S a D] b+
q(T)=x

2
+ [ dx{[, 4 D la®1¥(q(0))[1q:(T) = A,|1/2exp [~ 25(q, T; 0,1, 1) sin [ 5.(4, ¢, D)} (A.14)
Using replacementq; (t) — 4; = q;(t),i = 1, ..., d into RHS of the Eq.(A.9)one obtain

(%, T;0,LA4¢e)— 4] <
2
<[axd [ p*la@Iea@)ila(n e [ 55 ;0,0 cos [ s.a + 4D +
q(T)=x
2

1 T 1
+[ax] [ D*la@(a@)laDI e [~ 55 T sin [25.@.a+ AT =
q(T)=x ] '

= [dx[I}(x,T;0,1,4,8)] + [dx[I2(x,T; 0,1,2,€)].(A.15)

Here

T
5(q,T;0,1) =85,(q,T;0,1) + S,(q(T)), $1(q, T; 0, 1) =f dt[{[q(D)]? 0,13,

S2(q(D)) = [q(T)]% 1 € RY(A.16)

and
L(x,T;0,l,4¢€) =

= Jytyx D AO1(@(O)1g: (D1 2exp [~ £ 5(q, T; 0,1)] cos [ 5e(,q + 2, D) |A17)

L(x,T;0,l,A¢)=

= Jyryex DA% (q(O) (T 1¥2exp [~ £ 5(a, T3 0, D) sin [ 5.(4, g + L T)|.(A.18)

Let us rewrite a functionV(q(t) + A, t)in the following equivalent form:

Ve(q(®) + 4, 8) = Veo(q(®), £, 1) + Vea(q(2), £, 1),(A19)

Veo(@(®), 6, 1) = a1 (q(0), t, Dq(®) + a2 (q(t),t, Dg?(t),(A.20)

Ver(@(0),6,1) = a-5(q(6), 6, DG*(6) + - + ac o (@), t, D q*(£),(A.21)

where az_o1(q(t),t,4) = ¢1(t, 1), @z=02(q(2), t, 1) = c3(t, A), ., Ae=0,a (@), £, ) = cqo(t, D).

Let us evaluate now path integrall, (T; o, [, A)given via Eq.(A.17). Substitution Eq.(A.19)into RHS of the

Eq.(A.17) gives

L(x,T;0,l,4,¢) = Ifl)(x, T;0,l,A,¢) + Ifz)(x, T;0,lLA¢e) =
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1 1 1 1
D*[qO1¥(a)lla(Dlzexp [ 5. :0,0] cos [ 5ex(d.q + 41| cos [ 5.2(a + 1) +
q(T)=x

+ J yon DA O1¥(q(0) [ (DI ?exp [ 15(q, T30, D | sin [25,.1 (6,4, 4, T) | sin [ 155 (g, 4, T)]
A.22.a)
L(x,T;0,l,A¢) = 12(1)(x, T;o0,LA &)+ 12(2)(x, T;o0,lLA¢e) =
.\ 1 1 1 ) !
| Da@1#(a@)llan) Texp |-+ 5. 750,0] cos [ Seat.a + A1) sin [ S.a + 27| +
q(T)=x

+ 1 iy D LAO1¥(q(O) (T 1V 2exp [~ 25(q, T; 0, D) sin [35..1(d, 4,4, T)| cos [~ 3 5.5(q,4,T)].
(A.22.b)

where
Se1(q, .4 T) = [ Le(q(0), q(6), £, 1) dt, L(q(), 4(6), £, 1) = 2 G2(t) — Veo(q(6), £, 1),(A.23)
Se2(0,4T) = J) Ver(q(0), £, 2) dt,(A24)

11(1) (x,T;0,l,A,¢) =

ity D La@1# (a0l (T Jexp [~ 254, T; 0, D] cos [£5..1(6,4,4,T) ] cos [15..2(q,2, T |(A.25.
a)

12(1) (x,T;0,l,7,¢) =

o D a1 (@) [l (D) 2exp [~ 28(q, T3 0,1)] cos [£S.1(6,4,4,7)| sin [ S..2(0, 2, 7)),
(A.25.b)
11(2) (x,T;0,l,A,¢) =

. ryx DT 1A(O1¥(q(0))[1q:(T1V?exp [~ 38(q, T 0, D) sin [35.1(4, 4,4, T) ] sin [~ 3 5.5(q, 2, T)| (A2
6.a)

12(2) (x,T;0,l,A,¢) =

o iryex DY AO1(q(O)) (T 1¥2exp [~ 28(q,T; 0, D) sin [35..1 (4,4, 4, T) | cos [~ 3 5., 4,T)].
(A.26.b)

Let us evaluate nown-dimensional path integralll('ln) (x,T;0,l,1,¢):

11(1,3 (x,T;0,l,4,¢) =

18
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+ 1 1 1 ) 1
= | Dia@1¥(a©)llai(M)Nzexp |-+ 5, T:0,D)| cos |2 e (4,0, cos [ Sea(a. A1) =

q(T)=x

= [ D) llaDIFexp [ 5570, {eos [ 5. 0,21
q(T)=x

1
+ 1} cos [ES&Z (q, 2, T)] —

1
= [ iy DR [0 (O1¥(q(0)) g, (T) I2exp [~ 35(q, T; 0, )| cos [ 5. (q, 4, T) ] (A27)
From Eq.(A.27) one obtain the inequality
1) (x, T5 0,12, 8)

<

D [q()]1¥(q(0))[lq:(T)|1zexp |-+ S(q, T; 0, D) |{cos | = 8:1(4, 9, A, T)| + 1
J o[~ J{eos | +1]

1 1 1
- | i@ (@) aMNEexp [ 55 Ti0,D] cos 1520027 =
q(T)=x

+

1 1 1
| D@1 (@) llar) Viexp [~ 5. 75,0 os |- S.(.0..7)]
q(T)=x

1 1
+ [ DHa@Ia)laMlEex [ 55T, -
q(T)=x
— Jy iy DELA@1¥(q (@) 10, zexp [~ 2 5(q, T 3,1)] cos [£5..2(q, . T)] (A28)

From Inq.(A.28) one obtain the inequality

1 1 1
iR Tiotaal<| [ Dila@M(a@)la ke - 35@Ti0.0]cos[55e @021 -

q(T)=x

o (—1D)ia ! 2i 1
S s [ PHeOM @) mIEISea 0 A D] exp [ 55T 0.0 =
i=1 a(M=x
© (_1)ih—2i

= (. Ti0,L 2, &) = S, r— RO (%, T 0, L, 1), (A.29)

where
I8, T; 0,11, 6,h) =

1,n
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1 1 1 .
= [, iy DA LA @1 (q(0))[1q:(T) 12exp [~ 25(q, T; 0, 1)] cos [+5..1(d,4, 4, T) ] (A.30)

RO, T;0,4n) = [, D la@1¥(q(@)1q:(DIE[Se2 (0, A7) exp [ 15(q,T; 0, D] (A31)

1
Using replacement g;(t) := hzq;(t),t € [0,T],i = 1, ...,d into RHS of the Eq.(A.31) one obtain

Rg) (x,T;0,l,n)

- 1 1 2i 1
= /% f D;[q(t)]‘P<fﬁq(0)> [19:(12[Se2 (7?0, 4, T)] " exp [_Es(hl/zq’T;a’l)]
a(N=7

wonts [ay [ Bila@IPaO) a0, 2.7, 0] expl-5(.Ti o, D] =

b
q(T)=ﬁ
Y
a(0)=27

= hl/‘*h"/zﬁg) (x,T;0,1,n),where(A.32)

= 1 - d/4 200
D‘r-{ [q (t)] = D?T [hzq(t)] ,LE [0' T]' ‘{I(q (0)) = (27T)77d/4hd/4 exp [77‘12( )],See Eq(31) and
$c2(@ AT, 1) = [ Ver(q(t),t, 2, h) dt,(A.33)

01 (@0, 6,4, 0) = ags(@(O), DGO + -+ B a0 (q(0), £, Dg*(D)(A34)

RO Tia,lm) = [ dy [o)-x D [a(O1¥(a(0))[la: (D[S 2(q, T, 1)] exp[~S(q, T 0, D](A 35)

a(0)=7
From (A.29)-(A.35) one obtain

1 - —1)tRt s
|I1(,113(X, T;0,1,A,¢8)| < |l§,1,3(x, T;0,1, A& )| — hiz_( (Zi))' RO, Ty 0,1,m) =
i=1 )

1
< |]§_1,z(x, T;o,l,A,¢, h)| — haE,(x,T; g,l,n),where(A.36)

(-1'nt ﬁg) (x,T; 0,1,1n).(A.37)

Es(x; T; O-I ll hln) = ?:1 (Zl)'

Proposition A.l.[21]-[23]Let{sn,m}:'::r;O be a double sequences: N X N — C.Letlim,, .Sy, m = a.

Then the iterated limit:lim,,_, (limm_,oosn,m)exist and equal to a if and only iflim,,_,,,Sy, 1
exists for each n € N.

Proposition A.2.Let11(1)(x, T;0,l, A4, h) = 11(1) (x,T; 0,1, A, &),where 11(1) (x,T;0,1,A,¢) is given via
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Eq.(A.25) and let 11(2)(x, T;o,lLA & h) = 11(2)(x, T; 0,1, A, &), where 11(2)(x, T;o0,1, A, €) is given via

Eq.(A.26). Then I (x,T; 0,1, 4,€) =

2
(1) limesolim oo [ dx [IP(x, T; 0,1, 2,€)] <
o-0

2
1 1.
<timyo [ dx] [ D*la@(@)a:(DIE cos|15,@a. AT
q(T)=x
. . ) 2
(2) limeolimpso [ dx [7(x, T;0,1,4,€)] =0,
a—0
(3) limgooli ® . 2 . —
limeoolimpso [ dx [I;7(x, T; 0,1, 4, &), (x,T; 0,1, 4, €)] = 0,
a—0
. . @ 2
4 limesolim noo [ dx [L7(x,T;0,1,4,¢)] <
g—0
2
N L
<timo [ dx] [ D*lq@I(a@)la(DIEsin[z5:@Ga. a1
q(T)=x
. . @ 2
(5) limeolimpso [ dx [I;7(x, T;0,1,4,€)] =0,
a—0
. : )] . 1 . —
(6) limeolimpso [ dx [I,7(x, T; 0,1, 4, ), (x,T; 0,1, 4,€)] = 0.
a—0
Here
T
$10.0.AT) = Sec0x 0.0, 2T) = [ Leeo @0, (08,0 e,
0
. m .2
L€=0(q (t)! CI(f)' t, A) = ?CI (t) - V€=0,0(q(t)! t, A)
Proof(I) Let us to choose an sequence {h,,}5—; such that
@) lim,, A, = 0 and
2 EPN A 2
(i) limppo, [ dx {s(’") (x,T; 0,1, hp, n)} = limy o [ dox {zgl%:}zg)(x, T:o, l,n)} = 0.
We note that from (ii) follows that: perturbative expansion
S (D 2
fdx{Es(x,T; oLk, n} = h:,{d’ dx{ (Z—i),mﬁg)(X,T; o,l,n)
i=1 ’
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vanishes in the limit m,n — oo.From (A.36) and Schwarz'sinequality using Proposition A.1,one obtain

limy o [ dx (180T, A ]

< llmmn_mf dx |](1)(x T;0,l,A ¢, hm)| 1/4" «(x,T;0,0,R, n)}

< llmmn_,oofdx ](1)(x T;0,l,A¢, hm)}

N 0 S 2h1/4JU dx ](1)(x T;o,L, A€ hy) fdx{...g(x T; 0,1, hyp, 1)} ]
+fdx {E.(x,T; 0,1, hp,n)}?

= limmln_mf dx {](1)(x T;o,L,2,¢, hm)} = llmh_)ollmn_,oof dx ](1)(x T;o0,l ¢, h)}

1 2
=limy_o [ dx {[, . D*a(©)1¥(q(0))[lq: (1] cos |1 $1(4,4, 4, T)|} (A.38)
Let us to choose now an subsequence{hmk}OO - such that the limit:

limy,noe [ dx [I m(x T;o,l, A ¢, hmk)] existand 1im noo [ dx [I m(x T;o,l, ¢, hmk)]

limy e [ dx [0, T30, 8, Ry (A39)
From (A.39) andProposition A.1 one obtain

lim k,n_,wfdx[ m(x T;o0,l, A, ¢, hmk)] = lim gow{lim n—mfdx[ m(x T;o,l, A, ¢, hmk)] (A.40)
From (A.39),(A.40) and(A.38)one obtain

2
li_mg_,oli_mh_mfdx [Ifl)(x, T;o0,l, A7, e)] <

o—-0
2
< limgsolim ko 4 lim n—»oofdx [Il(g(x, T:o0,l, ¢, hmk)] =

g—0

= limeoolim ks f dx[1D(x,T; 0,146, 1y, )] <
g-0

< limyeo [ dx ([, -, D*aOI¥(q(0) g (T))z cos [£$1 (4, 4,47} (A41)

The inequality (A.41) completed the proof of the statement (1).

(II)Let us estimate now n-dimensional path integral



International Journal of Recent advances in Physics (IJIRAP) Vol.3, No.4, November 2014

1(2)(xT o,l,A¢e)=

[y DR [0(O1¥(q(0)) (T [142exp |~ 3 8(q, T; 0, D) sin [+ $¢1(, 4,4, T)| sin [~ £ S.2(q, 4, T) | (A4
2)

From Eq. (A.42) one obtain the inequality

18, T;0,1,2,)| <

< [ DHeOE@O) gD e [~ 3 5@ T 00| [sin [~ £ 5.00.2.7)]| <

q(T)=x
h—(2i+1) 1 vit1 1
<y ———— f D [q@1¥(a )l (DIEIS.20,2. D] *Vexp |- 35, 70,0 =
Qi+ 1)! A
=0 a(T)=x
- h—(2i+ ) (l.)
= di=o (2i+1)' (x,T;0,l,n)(A.43)

where

(2i+1)

PP T;0,Lm) = [, D la@1¥(qO) g DIE]S.2 (0.4 D> Vexp [~ 2500, T; 0, D] (A44)

1
Using replacement g;(t) := hzq;(t),t € [0,T],i = 1, ...,d into RHS of the Eq.(A.44) one obtain
PP (x,T;0,1,n) =

- 1 1 2i+1 1
nt/ fDf{[q(t)]‘P<h5q(0)>[Iqi(T)I]E[ISg,z(q./LT)I]( )exp[—gs(ﬁ”zq,T;a.l)]=

aM=7
i = < ENIPN (2i+1)
R/ f dy f D [aOT¥(q(0))1a:(DB[[S.2(@ A T[] X Vexpl=S(q, T: 0, D] =
a(N)=7
q(o)=%Z

= h1/4hi/2@g) (x,T; 0,1,n),where(A.45)

Di[q(©)] = D [hzq(t)] t € [0,7],%(q(0)) = (Zn);ihme p["q © )] see Eq.(3.1) and

$c2(@ AT, R) = [ Ver(q(e),t, 4, 1) dt, (A.46)
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01 (@0, 6,4, ) = ags(@(0), DGO + -+ + B a0 (q(0), £, g (D)(A4T)

PP, T;0,1,m) = ’
4y fyiryx D a1 (@) g DIE([S:.2(0. 4 D[] “exp[-S(q,T; 7, D1.(A48)

9=

From (A.43)-(A.48) one obtain

@) o AR ()
|12, Tr004,8)| < ha Y P (x,T;0,l,n) = 0,(x,T; 0,1, h,n).(A.49)

=0 (2i+1)!
Let us to choose an sequence {h,,}m=; such that
@) lim,,_ A, =0 and

(i) limy, o J dx {Ogm)(x, T;0,1, Ay, n)} = limyp, 0 [ dx {Z

2

i=0 (21+1)'

(l)(x T; 0,1, n)}

We note that from (ii) follows that: perturbative expansion

2
2(L+1)
fdx (0.(x,T; 0,1, Ay, )} = AL {Z 2 P PP, T; 0,1, n)}

vanishes in the limit m,n — o.From (A.49) one obtain
i [ dx [I2 G0 T3 0,48 )] < limiy e d (0,05, T3 0, L R, )}2.(A.50)
Let us to choose now an subsequence {hmk}w such that the limit:

mg=1

im oo [ do [12 (6, T5 0,18, 1, )] existand lim wno [ dx [12 (5, T; 0,1, 8, 1, )] =

limy, . [ dx I3 (x,T; 0,1, A, ¢, hm)] (A.51)
From (A.51) and Proposition A.1 one obtain

lim k,n_,wfdx[ (2)(x T;o0,l,1,¢, hmk)] = lim gow{lim n—mfdx[ (2)(x T;o0,l, A ¢, hmk)]

(A.52)
From (A.50), (A.51) and (A.52) one obtain

2
li_mg_,oli_mh_mfdx [11(2)(9(, T;o0,l, 7, e)] <

o-0

2
< limgsolim kow 4 lim n—»oofdx [1(2)(x T:o0,l A ¢, hmk)] =

g—0

= limesolim koo f dx [Ifz)(x, T;o0,l,A ¢, hmk)]z =

g—0

2
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Proof of the statements (3)-(6) is similarly to the proof of the statements (1)-(2).

Theorem A.1.Letl; (x,T; 0, A, &, h) =1, (x,T;0,,A,€),L(x,T;0,,A,&,h) =1,(x,T;0,l,A,¢),
wherel; (x,T; 0,1, 4, €) is given via Eq.(A.22a)-Eq.(A.22b). Then

limesolim 40 f dx [I?(x,T;0,l,4,8)] <

o-0

1 1 2
< timyo [ dx{[, ,_ D*[a@1%(q(0))[Iq:(T)]z cos [ 5:(4, 4,2} (A.53.2)

li_mg_>oli_mh_,ofdx [I2(x,T;0,1,A,8)] <

o-0

< limyeg [ dx{f, g DY Ia@OM(@@)lla(MIEsin[25,@a A D]}, (A53b)

Here

$1G, @ AT) = Seco1(@ @ AT) = [ Leeo(4(6),q(6), £, 1) dt,(A54)
Le=o(4(0),q(0), £,2) = 7% () = Vemo,0(@(1), £, D-(A.55)

Proof. We remain that

L(x,T;0,LAeh) =10 ®T;0,1,4,6 k) + 12 (x,T; 0,1, 4, &, h).(A.56)

From Eq.(A.56) we obtain

2 €3] z
fdx [I2(x,T;0,1,A,¢,h)] < fdx [V, T;0,L4,6,R)] +
2
fdx [Ifz)(x, T;o0,l,4,¢, h)] + 2fdx[|11(1)(x,T; o, l,A,s)Il(Z)(x,T; ol e, h)|] =

= fdx [11(1)(x,T; o,l,A¢, fz)]2 +fdx [Ifz)(x,T; o, ¢, fz)]2 +

2 2
+2 \/ Jdx 1P, T; 0,02, 6,1)] [dx[I1P(x,T; 0,1, 4,6, 1)] (A.57)
Let us to choose now an sequences{f, }im=1, {€x k=1, {0:}{2;1 such that:
(1) limm_mflm = 0, limk_,oogk = 0, liml_mal =0

() limpolimp., [ de [1P 00T 0, LA, e )] =

>0

2
=lim g oolimyy, ., [ dx [I7(x, T; 03,1, 4, £, )] = 0,(A.58)

-

25



International Journal of Recent advances in Physics (IJIRAP) Vol.3, No.4, November 2014

2
(i) limpeolimy, ., [ dx [V T5 04,14 4, )] <
>

1 1 2
< timyo [ dx{[, ,_ D*[a@1¥(q(0))[1q:(T)]]z cos [, (4, 4,4, 1)} (A.59)

Therefore from inequality(A.57),Eq.(A.58) and inequality(A.59)we obtain

<

= limyo f dx{f, ;. D*[a(O1¥(q(0))[1q,(DI]: cos 25, (4, 4,2, 7)]}

li_mg_>oli_mh_,ofdx [I2(x,T;0,LA e, h)] < li_mk_mli_mm_mfdx [IZ2(x,T; 0, LA, g, hp)] <

g—0 B

. . €)) ) 2 . @, - 2
limioelimy, oo, | dx [, T 00, LA, €1, A) | + limiosolimy, o, | dx [17 (T 00,14, &, )| +

> >

-0

2 2
+2limyoolimy, ., J f dx [IP(T; 00,1, 2, €, Fim)] f dx [IP(T; 00,14, &, h)| =

2
li_nu(*oo“ﬂm—mo f dx [11(1) (X, T; oy, l; 2—; €k hm)] =

>0
2

(A.60)
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