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ABSTRACT

In this work, we solve the Klein-Gordon (KG) equation for the general deformed Morse potential with
equal scalar and vector potentials by using the Nikiforov-Uvarov (NU) method, which is based on the
solutions of general second-order linear differential equation with special functions. The energy
eigenvalues and corresponding normalized eigenfunctions are obtained. It is found that the eigenfunctions
can be expressed by the Laguerre polynomials. Our solutions have a good agreement with earlier study.
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1. INTRODUCTION

The Klein—Gordon equation describes relativistic spin-zero particles, plays an important role in
mathematical physics. The equation has attracted much attention in studying solitons [1] in
condensed matter physics, in investigating the interaction of solitons in a collisionless plasma.
Many different techniques such as the supersymetric approach (SUSY) [2], the Variational
method [3], the Functional Analysis method [4] and the Asymptotic Iteration method [5-8] have
been introduced to solve the KG equation. The exact solutions of the KG equation are possible
only for certain central potentials such as Hulthen potential [9], Woods-Saxon potential [10],
Poschl-Teller potential [11], pseudoharmonic oscillator [12] and reflectionless-type potential [13].
The NU method has been used for solving the hypergeometric type second-order differential
equations appeared in the time-independent problems.

In this work, our objective is to solve Klein-Gordon equation for the q-Deformed Morse potential
via the NU method.

This paper is organized as follows: In Section 2, we briefly introduce the NU method. We
consider one-dimensional KG equation with equal scalar and vector potentials in Section 3.
Finally, conclusion is given in Section 4.
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2. OVERVIEW OF NIKIFOROV-UVAROV METHOD

This Method [14] has been extensively used to solve the Schrodinger, Dirac, KG and Duffin-
Kemmer-Petiau equations for certain central and non-central potentials. This method in general
reduces the second-order linear differential equation to the following form

d*y(s) |, 70s) dy(s) , o(s)
ds?>  o(s) ds  o%(s)

Y(s)=0 (1

where G(s)and (_S(S) are polynomials, at most second degree, and E(s) is a polynomial, at most
first degree. To find the particular solution of Eq (1), one can use the following form

YL () =0(8)y,(s) ()

It reduces to an equation of hypergeometric type

d?y. (s)
— 2t
ds

o(s) t(s)w +Ay,(s)=0 3)
S

where A is a constant given in the form

(n-1)

A=L, =-nt'(s)— c'(s), n=12.3,. 4)

O(s) is defined as logarithmic derivative

'(s)  T(s
0'(s) _ m(s) )
0(s)  o(s)
y, (8) is the hypergeometric-type function whose polynomials solutions are given by Rodrigues
relation

B, d"

§(8)=— G" ($)p(s) (6)

3= o ope)]

where B, is the normalization constant and p(s) is the weight function satisfying

L loepel=tp0) @
where T(s) = E(S) + 27(s) satisfies the condition T'(s) <0

The function 7(s) and the parameter A, required for this method, are defined as follows:
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sy = S+ (%j —G+ko (8)

A=k+m'(s) ©)
3. EIGENFUNCTIONS AND EIGENVALUES

Let us consider the one-dimensional KG equation for a spinless particle of rest mass m and in the
natural units i=c=1:

2
dd\lf(zx) +[(E—V(x))2 —(m+S(x))2}‘IJ(X) =0 (10)
X

Where E, V(x) and S(x) are the relativistic energy of the particle, vector and scalar potentials
respectively.

Assuming V(x) =S(x), the last equation takes the form

2
dd"’g") B2 =m?)— 2@+ mveo ) =0 (b
X

Here we consider the general g-Deformed Morse potential as
V(x) = Vo (e 2™ —2ge™ ™) (12)

By substituting Eq(12) into the relation (11) we have

2
dL(ZX) + [(E2 —m?) = 2(E+m)Vy(e > —2qe™™ )}ql(x) =0 (13)
dx
By introducing a new variable s = ve ™ we obtain
d>y(s) ldys) 1 s qv
+- +—(—+—s+€,)yY(s)=0 (14)
ds2 s ds 32 2
Where
E2-m? »  8(E+m)
€n :n—2 and v :—2V0 (15)
o o

Let us now find the eigenfunctions for this potential. Comparing Eq. (14) with Eq (1), we get
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2

(s) = - os) =>4V
1(s) =1, o(s)=s, o(s) 1 + 5 s+e€, (16)

Substituting the above expressions into relation (8) leads to

2
n(s):i\/%+(k—%)s—en (17)

We have the following four possible values of k :

n(s):i(%h/—en) for k, :%h/—en (18)

n(s)=i(%—1/—£n) fork2=%— s (19)

After proper choice of the polynomial 7t(s) and k, we can write the function T(s) which has a
negative derivative one gets:

n(s)=—(%—1/—£n) fork=%— e, (20)

From (5) and (7), we obtain

1 S
O(s)=s ! 2)e 2 with B=-"— (21)

p(s)=s 278 (22)

Inserting Eq (22) into Eq. (6), y,, (s) can be found as follows

n
y,(s) =B e’ %Y j—n [e_SSZY+“] (23)
s
1
With y=Pp—-n——
Y=B-n-2

The eigenfunctions of KG equation take the form

S

y(s) =B, s%e 212 (s) (24)
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Where L%ly(s) is the Laguerre polynomials. Using the following formula [16]

I(n+o+1)
Tﬁnm

jo“’ s% L% ()L (s)ds = (25)

The normalization constant. B, becomes

B, = | 1 (26)
"\ (n+2y)!

Thus the normalized eigenfunctions can be obtained as
S

- n! Yo 2727
y(s) (n+2y)!s e <Ly (s) 27

This result agrees with that of in Ref[15].
By putting the values of T'(s), T'(s), ¢''(s)and k into eqs(4) and (9), the parameter A can be
written

=n (28)

1
r=p-y=e, - (29)

From eqs(28) and (29) we have
1N
€, =—(l3—ﬂ—5) (30)

and using (15) we obtain the energy eigenvalues as

8(E+m
EZ —m? :—%VOSH (31)

This result is the same as in Ref[15]

4. CONCLUSION

In this paper, we have obtained the exact solutions of the KG equation for the general deformed
Morse potential with equal scalar and vector potentials using the NU method. We have found that
the eigenfunctions are obtained in terms of the Laguerre polynomials. Our exact solutions given
by eqs (27) and (31) are in exact agreement with the results obtained by solving the KG equation
using the algebraic approach [15]. The work concerned with Matlab-graphical user interface for
Schrodinger problems is in progress.
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