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ABSTRACT  
 
In this work, processes represented by linear stochastic dynamic system are investigated and by 

considering optimal control problem, principle of optimality is proven. Also,  for existence of optimal 

control and corresponding optimal trajectory, proofs of theorems of necessity and sufficiency condition  are 

attained. 
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1. INTRODUCTION 
 
Linear stochastic dynamic system (LSDS) is the one of the most developing field of discrete 

system theory. Since LSDS theory has seen an important growth due to its interaction with fields 

like  base of computer science, graph theory, coding theoy, diagnosing problem in the discrete 

events, imitation problem etc. Thus, it  requires more detailed investigation. 
 

The mathematical theory of optimal control consisting all the continuous and discrete systems is 

strong studied more than 40 years. L. S. Pontryagin et al. first obtained basic results of the theory 

of optimal control and then this theory was developed and simplificated  by other academicians 

[1-4]. Gaishun presented a detailed works regarding the optimal control problem to 

multidimensional differential equation[5]. Gabasov et al. considered a linear quadratic optimal 

control problem with geometric constraints on the control actions and gave some novel numerical 

methods for both optimal program and positional solutions[6]. Also, they studied a problem of 

linear optimal control under uncertainty[7]. We firstly investigated the optimal discrete processes 

given by nonlinear multiparameter stochastic dynamic systems.[8-9] 
 

The present article is devoted the determination of optimal control and corresponding trajectory 

with necessary and sufficient condition theorems in the linear stochastic dynamic system. First 

section introduces general definition and basic concepts of the LSDS. Then in the second 

section,existence of optimal control and corresponding trajectory is discussed as necessary and 

sufficient conditions. Finally, main idea and aim of this paper is presented.  
 

2. LINEAR  STOCHASTIC DYNAMIC SYSTEM 

 

LSDS is generalization of multi-parametric finite sequential dynamic system but it contains a 

probability variable. General form of this system is defined by[5]: 
 

                    >⋅=< )(),(,,,, 0

νω FpsYSXK    kv ,...2,1=                                                (1) 
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where [ ] [ ]mr
GFSGFX )2(,)2( ==  and [ ]q

GFY )2(= are input, state and output index 

(alphabet) respectively; 
0s  is initial state vector, )(ωp  is determitistic discrete probability 

distribution. ( },...,,{ 21 pωωω=Ω is finite set, })1)(,:)({)( =Ω∈= ∑
Ω∈i

iii ppp
ω

ωωωω  

Characteristic Boolean vector function [12] denoted by { })(),...,()(
1

⋅⋅=⋅
m

FFF ννν  which is also 

known as transfer functions is equal; 
 

))()()(()()()())()(),(,( ccxccsccsccxcscF ωξω νννν ⊕Ψ⊕Φ==⊕          v= 1,...,k      (2) 

 

where the points � = ���, ��, … , ��	 ∈ �� = { }ZcccccccZcc i

L

kkk

Lk k ∈≤≤≤≤∈ ,,...,, 0

11

0

1
1  

are points in 
kZ , determining position 

iL , ( ki ,...2,1=  positive integer) is the duration of the 

stage i of this process. Z  is set of integers, for 
��	 ∈ S , x ��	 ∈ X ; ),(cs )(cx are defined 

over the set dG  as an m  and � dimensional state and input vectors. )(csνξ is a shift 

operator[5],[11] defined as: 
 

)()( ννξ ecscs +=  , )0,...,0,1,0,...,0(
ν

ν =e , v= 1,...,k          (3) 

 

{ }kc ,...1),( =Φ νν , { }k,...,1, =Ψ νν are characteristic Boolean transition matrices of size mm ×  

and rm×  respectively. ω is a random variable. )2(GF is Galois field and  all operations are on 

)2(GF  in this study. 
 

 In LSDS, each random variable ω has a special case. In (2) ω is an input variable . However, ω  

can be a set of all possible states in the synthesis of dynamic systems. 
 

Moreover, the state of the system depends on the random variable ω  which affects not only 

parameters of the LSDS but also the input variables.  
 

The discrete optimal processes given by LSDS are characterized by functional:    

)}({)( LT casMxJ ω=             (4) 

 

Where {.}ωM is a mathematical expected value of ,ω ),...,,( 21 maaaa = is given Boolean 

vector and  )( LT
cs is transpose of )( L

cs . It is clearly  seen that for Xcx ∈)( , the number of 

equations in (1) is more than the number of unknowns. Therefore, the considered problem can be 

determined as an admissible optimal control problem [4], [6-7]. 
 

Definition. If  there is a unique solution in (2) for Xcx ∈)( , then )(cx is called an admissible 

control[8-9]. 
 

Let X̂  be the set of admissible administrator functions defined from dĜ { }L

d cG \=  into 

[ ]r
GF )2(   

 

3. OPTIMAL CONTROL PROBLEM AND PRINCIPLE OF OPTIMALITY  

 
For linear stochastic dynamic system , we can analyze the following problem: 
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 For a given linear stochastic sequential dynamic system, to move from an initial state 
0s  to a 

desired terminal state )(* L
cs  in L steps, a control ∈)(cx X̂  must exist such that the functional 

(4) has a minimum value. In other words; 

 

))()()(()()()( ccxccsccs ωξ ννν ⊕Ψ⊕Φ=   v= 1,...,k  

 

Xcx ˆ)( ∈ ,  dGc ˆ∈  

min)}({)( →= LT
casMxJ ω  

 

Assume that condition of the unique solution [5],[8] in (2) is holds. Then sequential dynamic 

system  can written  as below; 
 

,),()()( dGcccc ∈Φ= νν ξϕϕ  v= 1,...,k,           (5) 
 

and by considering this system, if  Boolean function is constructed as follows, 
 

    )),()()(()())(),()(,( ccxcccccxch ωξϕξϕω νννν ⊕Ψ=⊕  v= 1,...,k,       (6) 

Then by using this function we form the following sum: 

∑ ∑
=

∆⊕=
),( 1

,2))(),()(,(ˆ
Ll

ccL

k

ccccxchh
ν

ννν ξϕω            (7) 

Where 2∆  is the first Boolean difference 

Theorem I  Suppose that the system in (2) has an exact solution then the sum in (7) is path 

independent. 

 

Proof  It is precise that if the equation 

=⊕Ψ⊕⊕Ψ ))()()(()())()()(()( '' ccxccccxcc
v ννννννν ξωξξξξϕωξϕ        (8) 

)))())()(()())()()(()( '''''' ccxccccxcc vv νννννν
ξωξξξξϕωξϕ ⊕Ψ⊕⊕Ψ=    .,...,2,1, '

kvv =  

holds, then Boolean sum in (7) is path independent. By using equivalent equations like: 

,),()()( dGcccc ∈Φ= νν ξϕϕ             (9) 

 It is found[4] 

()( ' =cνν
ξξϕ ('ν

Φ )())(())
11

ccc ϕξ νν
−− Φ , 

                                     ()( ' =c
νν ξξϕ (νΦ )())(()) 11

'' ccc ϕξ
νν

−− Φ , .,...,2,1, '
kvv =     (10) 

By substituting (10) into (8),  

   )())()()(())(())(()())()()(())(( ''

111 cccxccccccxcc
v

ϕξωξξξϕω νννννννν ⊕ΨΦΦ⊕⊕ΨΦ −−−

⊕⊕ΨΦ= −
)())()()(())(( ''

1
cccxcc

v
ϕω

ν
 

(( νΦ )())()()(())(()) '''''

11 cccxccc ϕξωξξξ
νννννν

⊕ΨΦ −−
.       (11) 

00 )( scs =
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Multiplying the above equations from the both sides by 

 
)()()()( ''' cccc νννννν ξξ ΦΦ=ΦΦ           (12) 

(11) forms, 

 
)())()()(()())()()(()( '' cccxccccxcc

v
ϕξωξξϕωξ νννννν

⊕Ψ⊕⊕ΨΦ  

= (( νΦ )())())()(()())()()(() ''''' cccxccccxcc v ϕξωξξϕωξ
ννννν

⊕Ψ⊕⊕Ψ      (13) 

Now the equation (13) holds for every )(cϕ , it is written by,  

     ))()()(())()()(()( '' =⊕Ψ⊕⊕ΨΦ ccxcccxcc
v νννννν

ξωξξωξ                                           

 
))()()(())()()(()( ''''' ccxcccxcc

ννννννν ξωξξωξ ⊕Ψ⊕⊕ΨΦ=       (14) 

The equation (14) is the exact solution of the system in (2). Since the solution is the exact, 

the equation (8) holds and the Boolean sum in (7) is path independent. 

 

Let  ),...,,(ˆ 10 LcccL be a piecewise curve connecting the point 
0c  to the point 

Lc . In the 
thl step 

where Ll <≤0 , assigning a value 
tν  to the piece of curve from 

lc  to the point 
1+lc . Then the 

Boolean sum is in (7) has the following form: 
 

∑ ∑
+=

−−−−−− ⊕=⊕=
),( 1

111111 ))(),()(,())(),()(,(ˆ
Ll

tt

cc

L

lt

tttttttt
cccxchcccxchh ϕωϕω νν     (15)   

 

Hamilton- Pontryagin functional  
 

),()())(),(( csccscH ϕϕ =      dGc ∈          (16) 

 

can be  involved, which is similar to Boolean functional. 
 

Theorem II  A control { })(),...,(),(),( 1010010 −+− = LllLl
cxcxcxccx  and corresponding 

trajectory { })(),...,(),(),( 01000 LllLl
cscscsccs

+=  are optimal if and only if,  
 

∑
+=

−−− ⊕=
L

lt

ttttll ccxcchcscH
t

1

1100100 ))()(),(,())(),(( ωϕϕ ν        (17) 

Where )(0 t
cϕ , 1,...,1, −+= Lllt  is obtained from the equation below; 

,),()()( dGcccc ∈Φ= νν ξϕϕ  kv ,....,2,1=          (18) 

 

With the aid of equation ac
L =)(0ϕ . 

 

Proof   Firstly, if  necessity condition is proven then, from (7) for  Ltl <≤+ 1 ,  
 

)()())(),(( 0000 tttt
csccscH ϕϕ =  

        ))()()(()()()()( 110101010 −−−−− ⊕Ψ⊕Φ= ttttttt ccxcccscc
tt

ωϕϕ νν  

         ))()()(()()()( 1101000 −−−−− ⊕Ψ⊕= ttttltlt ccxcccsc
t

ωϕϕ ν  
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      ))(),()(,())(),(( 0110100 tttt

v

ltlt cccxchcscH
t

ϕωϕ −−−−− ⊕⊕= .    (19) 

When the sum is taken from 1+l  to L , the following equalities are; 
 

))(,)()(,())(),(())(),(( 0

1 1

11011010

1

00 t
L

lt

L

lt

ttttt
L

lt

tt
cccxchcscHcscH

t
ϕωϕϕ ν∑ ∑∑

+= +=

−−−−−

+=

⊕⊕=  

             (20) 

and 

∑
+=

−−− ⊕⊕=
L

lt

ttttllLL cccxchcscHcscH
t

1

011010000 ))(),()(,())(),(())(),(( ϕωϕϕ ν     (21) 

are obtained. 
 

On the contrary,  
 

))(),(()()()())(( 000000 LLLLLL
cscHcsccascs ϕϕ ===Φ        (22) 

Since  )(0 L
cs is an optimal state,  

0))(),(( 00 =LL
cscH ϕ            (23) 

is found. 
 

Therefore, (17) is valid. This completes the proof of the necessity condition. 
 

Sufficiency: The sufficient condition is proven in a similar form as of necessity and from 

(21) the desired result is obtained. 
 

Under assumption of equation (2)  in equilibrium state, the following theorem can be 

given; 

Theorem III  A control )(0
cx  and corresponding trajectory )(0

cs   are optimal in (1) if and only 

if,  

∑ ∑ ∑ ∑
= =

=∆⊕×∆⊕
),( 1 ),( 1

2

0

2

000

0 0

0))(),()(,())(),()(,(
L L

cc

k

cc

k

ccccxchccccxch
ν ν

νννννν ξϕωξϕω  

             (24) 

Where the bar denotes the complement of this sum applied on the piecewise curve 

connecting 0c to Lc  with all admissible controls. 
 

Proof  Necessity: By the exact solution of (2), 

=)( L
cs ∑ ∑

=

∆⊕ΨΦ
),( 1

2

^

0

))()()((),(
L

cc

K
L

cccxccc
ν

ννν ωξ         (25) 

== )()( L
casxJ ∑ ∑

=

∆⊕ΨΦ
),( 1

2

^

0

))()()((),(
L

cc

K
L

cccxccca
ν

ννν ωξ       (26) 

Let ),()(
^

ccac L

νν ξξϕ Φ= where 110 ,....,, −= L
cccc  and ()(),( 1

^
−=Φ ScScc LL

νξ )cνξ . 
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)(cS is the fundemental matrix operator [5]of the system 
 

00 )(

),()()(

scs

csccs v

=

Φ=νξ
            (27) 

at the point c . Thus ac
L =)(0ϕ  and for the optimal control, minimum is taken as; 

 

∑ ∑∑ ∑
==

∆⊕=∆⊕
),( 1

2

0

),( 1

2

000

00

))(),()(,(min))(),()(,(
LL

cc

k

cc

k

ccccxchccccxch
ν

ννν
ν

ννν ξϕωξϕω  

             (28) 

Considering the curve connecting 0c to Lc   over the all admissible controls )(cx , (16) 

equals to Boolean equality, 
 

∑ ∑∑ ∑
==

∆⊕≥∆⊕
),( 1

2

000

),( 1

2

0

00

))(),()(,())(),()(,(
LL

cc

k

cc

k

ccccxchccccxch
ν

ννν
ν

ννν ξϕωξϕω  

             (29) 

Alternatively, the inequality (29) equals to;  

∑ ∑
=

∆⊕
),( 1

2

0

0

))(),()(,(
L

cc

k

ccccxch
ν

ννν ξϕω ∑ ∑
=

=∆⊕
),( 1

2

000

0

0))(),()(,(
L

cc

k

ccccxch
ν

ννν ξϕω  

             (30) 

Sufficiency:  Assuming (30), ıf  substituting  ),()(
^

ccac L

νν ξξϕ Φ=  into (29),  

 

∑ ∑∑ ∑
==

∆⊕ΨΦ≤∆⊕ΨΦ
),( 1

2

^

),( 1

2

00
^

00

))()()((),())()()((),(
LL

cc

K
L

cc

K
L

cccxcccacccxccca
ν

ννν
ν

ννν ωξωξ

              (31) 

it is clear that )(cx is an arbitrary admissible control and from (31)  )(0
cx is 

determined as  the optimal control.      
       

4. CONCLUSIONS 
 
It is shown that optimal control problem for processes with multi parametric linear stochastic 

dynamical systems are studied. It is evident that there is an absolutely a control and 

corresponding such that the considered system has a minimum value while connecting the initial 

state with terminal state. Furthermore, theorems involving necessary and sufficient conditions for 

optimality are proven. Thus, the results obtained in this paper will be contribute to application.  
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