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ABSTRACT

In this work, processes represented by linear stochastic dynamic system are investigated and by
considering optimal control problem, principle of optimality is proven. Also, for existence of optimal
control and corresponding optimal trajectory, proofs of theorems of necessity and sufficiency condition are
attained.
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1. INTRODUCTION

Linear stochastic dynamic system (LSDS) is the one of the most developing field of discrete
system theory. Since LSDS theory has seen an important growth due to its interaction with fields
like base of computer science, graph theory, coding theoy, diagnosing problem in the discrete
events, imitation problem etc. Thus, it requires more detailed investigation.

The mathematical theory of optimal control consisting all the continuous and discrete systems is
strong studied more than 40 years. L. S. Pontryagin et al. first obtained basic results of the theory
of optimal control and then this theory was developed and simplificated by other academicians
[1-4]. Gaishun presented a detailed works regarding the optimal control problem to
multidimensional differential equation[S]. Gabasov et al. considered a linear quadratic optimal
control problem with geometric constraints on the control actions and gave some novel numerical
methods for both optimal program and positional solutions[6]. Also, they studied a problem of
linear optimal control under uncertainty[7]. We firstly investigated the optimal discrete processes
given by nonlinear multiparameter stochastic dynamic systems.[8-9]

The present article is devoted the determination of optimal control and corresponding trajectory
with necessary and sufficient condition theorems in the linear stochastic dynamic system. First
section introduces general definition and basic concepts of the LSDS. Then in the second
section,existence of optimal control and corresponding trajectory is discussed as necessary and
sufficient conditions. Finally, main idea and aim of this paper is presented.

2.LINEAR STOCHASTIC DYNAMIC SYSTEM

LSDS is generalization of multi-parametric finite sequential dynamic system but it contains a
probability variable. General form of this system is defined by[5]:

K=<X,8,Y,s°, p(@),F,()> v=12,.k (1)
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where X =[GF(2)]',S =[GF(2)]" and Y =[GF(2)]"are input, state and output index
(alphabet) respectively; s’ is initial state vector, p(@) is determitistic discrete probability

distribution. (Q={®,,®,.,...,®,}is finite set, p(@)={p(®,):®, € Q, Zp(a)i) =1})

w,eQ
Characteristic Boolean vector function [12] denoted by F, (-) = {Fv, )., F, (~)Jl which is also

known as transfer functions is equal;

F,(c,s(c),x(c)® a(c)=&,5(c) =P, (c)s(c) DY, (c)(x(c) ® w(c)) v=1,...k (2)

where the points ¢ = (cy, ¢, ..., Cx) € Gg = {c‘ce ZF, el <e <cl,.cl<c, <cltc e Z}

are points in Z* , determining position L, (i =12,..k positive integer) is the duration of the
stage iof this process. Z is set of integers, for s(c) € S, x(c) € X ; s(c), x(c) are defined

over the set G, as an m and r dimensional state and input vectors. &,s(c)is a shift
operator[5],[11] defined as:

& s(c)y=s(c+e,) ,e, = (0,...,0,1,0,...,0) ,v=1,...k 3)

{CIDV (c),v= l,...k}, {‘Pv V= l,...,k}are characteristic Boolean transition matrices of size mXm

and mXr respectively. @is a random variable. GF (2)is Galois field and all operations are on
GF (2) in this study.

In LSDS, each random variable @ has a special case. In (2) @is an input variable . However, @
can be a set of all possible states in the synthesis of dynamic systems.

Moreover, the state of the system depends on the random variable @ which affects not only
parameters of the LSDS but also the input variables.

The discrete optimal processes given by LSDS are characterized by functional:

J(x)=M ,{as" (c")} 4

Where M ,{.}is a mathematical expected value of @, a=(qa,,a,,...,a, )is given Boolean

vector and s’ (c")is transpose of s(ch) . Ttis clearly seen that for x(c¢)e X, the number of

equations in (1) is more than the number of unknowns. Therefore, the considered problem can be
determined as an admissible optimal control problem [4], [6-7].

Definition. If there is a unique solution in (2) forx(c)e X , then x(c)is called an admissible
control[8-9].

Let X be the set of admissible administrator functions defined from éd =G, \{CL} into

[GF))
3. OPTIMAL CONTROL PROBLEM AND PRINCIPLE OF OPTIMALITY

For linear stochastic dynamic system , we can analyze the following problem:
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For a given linear stochastic sequential dynamic system, to move from an initial state s’ to a

desired terminal state s (¢") in L steps, a control x(c) € X must exist such that the functional
(4) has a minimum value. In other words;

E,5(c)=P,(c)s(c) DY, (c)(x(c) @ aw(c)) v=1,...,k
s(c®)=s°
x(c)e X, ce Gd

J(x)=M ,{as" (c")} — min

Assume that condition of the unique solution [5],[8] in (2) is holds. Then sequential dynamic
system can written as below;

p(c)=D,(0)p(&,c),ce G, v=1,..k, 5)
and by considering this system, if Boolean function is constructed as follows,
h, (¢, x(c) ® a(c), (&, 0)) = 9(5,0)Y, ()(x(c) ® &(c)), v=1,...k, (6)

Then by using this function we form the following sum:

= S S (a0 ® ale) pE DA, 7

L(c' by v=l
Where A, is the first Boolean difference

Theorem I Suppose that the system in (2) has an exact solution then the sum in (7) is path
independent.

Proof 1t is precise that if the equation

P(E,0)E, ()(x() ® @(c) ® (&, &, (£,0)(x(E,0) ® W(E,0)) = (8)
= (&, )Y, ()(x(0) @ w(c)) ®p(S, & ), (S c)x(§, )@ w( c)) v =12,...k.
holds, then Boolean sum in (7) is path independent. By using equivalent equations like:

p(c)=®,(0)pS,c).ceG,, 9)
It is found[4]

P& .E,0)=(D, (&) (@,0) " 90),

P&,&.0)=(P, (&N (@, () 'p), viv =12,k (10)
By substituting (10) into (8),

(@, ()", (©)(x(c) @ A)P(c) ® (P (£,0) 7 (@, (), (&,0)(x(E,0) @ S, c)p(c)
= (@, ()Y, ()(x(c) ® axc)p(c) ®

@, (E.N(@, ()", (& )E )@ AE, )p(c). (11
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Multiplying the above equations from the both sides by

(£ P, () =P, (&P, () (12)
(11) forms,

©(£,0%, ()(x(0) ® D)P(e) D, (£,6)(x(E,0) ® BE,0)p(c)

= (@, (£,0¥, (©(x(c) ® B(e)(c) ® ¥, (£, 0)(x(E, ) ® B(E, )p(c) (13)

Now the equation (13) holds for every ¢(c), it is written by,
D (£,0), ()(x(0)® a(c) ®Y (£,c)(x(,c) ® (&) =
=@, (£, O, ()(x(0) D D) ®F, (€, )x(E, ) ®WE, ) (14)

The equation (14) is the exact solution of the system in (2). Since the solution is the exact,
the equation (8) holds and the Boolean sum in (7) is path independent.

Let i(co, c',...,c") be a piecewise curve connecting the point ¢’ to the point ¢*. In the " step

where 0</< L, assigning a value Vv, to the piece of curve from ¢’ to the point ¢'*'. Then the

Boolean sum is in (7) has the following form:

h=Y h, (. xc™)@®a(c ™)) =D h, . xc)@ac™).pc) (15

) t=1+1

Hamilton- Pontryagin functional

H(gp(c),s(c)) =p(c)s(c), ceG, (16)
can be involved, which is similar to Boolean functional.

Theorem II A control x°(c',c"™)= {xo (), x(c""),.., x° (™! )} and corresponding

trajectory s°(c',c*) = {so(cl ),so(cl“),...,so(cL)} are optimal if and only if,

H(@(c"),s"(c") = ZL:th 9" ()2 () @ (™) (17)

t=l+1

Where ¢)0 (¢"), t=1,l+1,...,L—1 is obtained from the equation below;
Pc)=@, (), c),ce G, v=12,..,k (18)
With the aid of equation ¢°(c")=a.
Proof Firstly, if necessity condition is proven then, from (7) for [+1<¢t< L,
H(p"(c"),5°(c") = 9" (c")s"(c")
=" (P, (s’ (@ P (Y, (@ wc™))
=0 (s ()@ P (W, () D))
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=H(@"(c"™),s"(c"N®h, (¢ x" (@), 9" (). (19)

When the sum is taken from /+1 to L, the following equalities are;

SH@ ). (@)= H@ s )® 3 h, () B ™). p'(c"))
t=1+1 t=I+1 t=l+1
(20)

and

H(¢0(CL),SO(CL)) — H(¢O(Cl),s()(cl))@ Zhv’ (Ct—l’x()(ct—l)@w(ct—l),¢()(ct)) (21)

t=l+1

are obtained.

On the contrary,

P(s” (¢ =as"(c") =" (c")s" (c") = H(9  (c"),s"(c")) (22)
Since s’(c")is an optimal state,

H(@"(c"),s"(c") =0 (23)
is found.

Therefore, (17) is valid. This completes the proof of the necessity condition.

Sufficiency: The sufficient condition is proven in a similar form as of necessity and from
(21) the desired result is obtained.

Under assumption of equation (2) in equilibrium state, the following theorem can be
given;

Theorem III A control x°(c) and corresponding trajectory s°(c) are optimal in (1) if and only
if,

> Zh (€. x° () ® @’ (), 0" (&,cNA,c, X Y D h,(c,x(c) @ aXc), 9’ (&,0)Ayc, =0

ety v=l (¥ cty v=l

(24)

Where the bar denotes the complement of this sum applied on the piecewise curve
connecting ¢’to ¢* with all admissible controls.

Proof Necessity: By the exact solution of (2),

seh)= Y D @t &0, (0)(x(c) ® m(c)Ac, (25)
(C()’CL) v=1
J(x)=as(ch) = Z ZK: aCiD(cL L&, (0)(x(c) ® w(c))A,c, (26)
(L‘O,CL) v=l

Let 9(&,c)=a®(c", & c)where c=c’,c',.....,c"" and ®(c*,&,c)=S(c")S'(&,0).
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S(c)is the fundemental matrix operator [5]of the system

£,5(c) =@ (c)s(c),

27
s(c?) =s° @D

at the point ¢. Thus ¢°(c") =a and for the optimal control, minimum is taken as;

D Y (e, X’ ()@@’ (c), 0" (€,0)A,c, =min D D h,(c,x(c) ®axc), 9" (£,0)Ac,

(vl (.t v=l

(28)

Considering the curve connecting c”to ¢ over the all admissible controls x(c) , (16)
equals to Boolean equality,

> Zk:hv(c,x(c)@a)(c),qlo(fvc))Azcv > ) Zk:hv(c,xo(c)@a)o(c),(po(fvc))Azcv

(. ctyv=l (¥ ctyv=l

(29)
Alternatively, the inequality (29) equals to;

k k
DD (e x(c)® a0),@° (€,eNAye, D D (e,x" ()@ @ (c), 9" (£,0)Ac, =0

(¥ ety v=l ety v=l

(30)
Sufficiency: Assuming (30), if substituting ¢(&,c) =a®(c",&, c) into (29),

D> a®(ch £, () ()@’ (DA, < D D ad®(ch, 0P, (0)(x(c) ® a(c)A,c,

.ty v=l (vl

(31)
it is clear that x(c)is an arbitrary admissible control and from (31) x°(c)is
determined as the optimal control.

4. CONCLUSIONS

It is shown that optimal control problem for processes with multi parametric linear stochastic
dynamical systems are studied. It is evident that there is an absolutely a control and
corresponding such that the considered system has a minimum value while connecting the initial
state with terminal state. Furthermore, theorems involving necessary and sufficient conditions for
optimality are proven. Thus, the results obtained in this paper will be contribute to application.
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