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ABSTRACT 

 
This paper illustrates a Comparative study of highly non-linear, complex and multivariable Inverted 

Pendulum (IP) system on Cart using different soft computing techniques. Firstly, a Fuzzy logic controller 

was designed using triangular and trapezoidal shape Membership functions (MF's). The trapezoidal fuzzy 

controller shows better results in comparison to triangular fuzzy controller. Secondly, an Adaptive neuro 

fuzzy inference system (ANFIS) controller was used to optimize the results obtained from trapezoidal fuzzy 

controller. Finally, the study illustrates the effect of variation in shape of MF's on Performance parameters 

of the IP system. The results shows that ANFIS controller provides better results in comparison to both 

fuzzy controller. 
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1. INTRODUCTION TO INVERTED PENDULUM  
 

Inverted Pendulum(IP) systems belongs to a class of highly non-linear and complex systems 

which act as testing bed for many unstable systems[1]. The control and stabilization of IP at 

upright position is one of the most challenging problem in the field of control engineering since 

1950s[7,8]. IP finds many applications in following control techniques including feedback 

stabilization[2], friction compensation[3], hybrid control[4], back stepping control[5] etc. 

 

           

 
 

Figure 1.0 Inverted Pendulum on Cart 
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A view of IP on Cart is shown in Fig 1.0.[6]. The Cart is driven by electric motor while a 

pendulum freely pivoted to it. The pendulum is highly unstable and falls in case of any 

disturbance. The IP system has two equilibrium; one is stable while the other is unstable. In case 

of the stable equilibrium position, the pendulum is pointing downwards. In absence of any control 

force, the system will be in this state. In unstable equilibrium pendulum points strictly upwards 

and, thus, requires a control force to maintain this position. The control objective of this study is 

to maintain the unstable equilibrium position when the pendulum initially starts in an upright 

position [15]. The dynamics of inverted pendulum is quite similar to two-wheeled mobile robots 

[9,10], flexible link robot [11], biped robot limbs [12,13], missiles [14] etc.  

 

      

2. DERIVATION OF GOVERNING MATHEMATICAL EQUATIONS 

FOR IP SYSTEM    
         
The IP system consists of a pendulum of mass, m, pivoted to a cart of mass, M. The pendulum is 

inclined at an angle, θ from vertical axis as shown in figure 1.1. A force, F is required to push the 

cart horizontally, the coefficient of friction, b, length of pendulum L and the second moment of 

inertia for pendulum, I [16]. 

 

 

 
                                                    

Figure 1.1 Diagram of Inverted Pendulum 

 

For modelling and simulation of IP system the following dynamic equations are derived using 

Free body diagrams (FBD) of cart and pendulum sub-systems [17]. A view of FBD of cart and 

pendulum are shown in figure 1.2 and figure 1.3 respectively. 

 

                       
 

Figure 1.2 FBD of Cart Sub-system                              Figure 1.3 FBD of Pendulum Sub-system 
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The various parameters of IP system considered for this study are shown in the table 1.0.[23]  

 

 

Parameter Magnitude 

Mass of Cart (M) 1.0kg 

Mass of Pendulum (m) 0.5kg 

Length of Pendulum (L) 1.0m 

Moment of inertia of Pendulum (I) 0.006kg�� 

Acceleration due to gravity (g) 9.8m/���� 

Coefficient of friction (b) 0.1N/m/sec 
 

Table 1. Parameters of IP systems 

 
The equations of motion are derived separately for cart and pendulum sub-systems 

 

Equations derived for Cart: 

 

M�	� = ∑F                                                                                     (1) 

 

 

             F=   M�	� + b�	  + N                                   (2)  

 

             

��= 



�
(
 − � − ��	)                                                                     (3) 

 

Where, N and P are the interaction forces between the cart and pendulum. 

 

Equations derived for Pendulum: 

 

I��  = ∑τ                                                                                              (4)  

 

 

�	� = 



�	
 (NLcosθ + PLsinθ)                                                                  (5) 

                 

The interaction forces N and P should also be considered in order to model complete dynamics of 

the system. Therefore modelling of x and y dynamics of the pendulum is done in addition to its 

theta dynamics. The additional x and y equations for the pendulum are given below: 

 

                     m��� = ∑F=N                                                          (6)  

   

                     m��� = P - mg                                                             (7)  

           

   

                    P = m(��� + 	�)                                                          (8)           

 

However �� and ��	are exact functions of theta. Therefore, their derivatives are represented in 

terms of the derivatives of theta 
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                  		��= x-Lsinθ                                                             (9)  

 

    

		�	 �= �	-L�	cosθ                                                                                            (10) 

 

 

		�� �= �	�  + L��	 sinθ  -L��cosθ                                               (11) 

 

 

		��	= Lcosθ                                                                          (12) 

 

 

		�	 �	= -L�	sinθ                                                                          (13) 

 

 

		�� �= - L��cosθ - L��	 sinθ                                                       (14) 

 

After substituting these equations into eq. 6 and 8, we get: 

 

N = m(��   -  L��cosθ + L��	 sinθ                                  (15) 

 

 

P = m(-L��	 cosθ - L��sinθ)                                   (16) 

 

The eq. 15 and eq. 16 were used for developing, a Matlab Simulink model of IP system [24].  

 

3.IP SYSTEM CONTROL USING FUZZY INFERENCE 

CONTROLLER 
 

In this study two different fuzzy logic controllers(FLC) [24] were used to control the IP system. 

The ‘FLC-1’ receives Cart position and Cart velocity as inputs while Force is the output. The 

inputs for 'FLC-2' were Pendulum angle and Angular velocity while Force is the output. The net 

Force is obtained by summing the forces obtained from the both the controllers which is further 

used as input to Simulink of IP sub-system. 

 

3.1 Designing of Membership function's (MF's) for Fuzzy logic Controllers  
 

This study considers nine linguistic variables namely Negative Extreme(NE), Negative Big(NB), 

Negative Medium(NM), Negative Small(NS), Zero(ZE), Positive Small(PS), Positive 

Medium(PM), Positive Big(PB) and Positive Extreme(PE) for designing MF's [25] of both the 

controllers. A view of MF's are shown in figure 1.4 and figure 1.5. 
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Figure 1.4 MF’s of input variable ‘Cart Position’ for FLC-1 

       

 
 

Figure 1.5 MF’s of output variable ‘Force’ for FLC-2 

 

3.2 Designing of fuzzy control rules 
 

The fuzzy control rules for both the fuzzy controllers were designed using the experience of experts 

and varies from one expert to another. A view of fuzzy control rules for FLC-1 is shown in table 

1.1. 

 

 
 

Table 1.1 Fuzzy control rules for FLC-1 

 

Fuzzy logic toolbox allows the user to represent if-then fuzzy rules in 3-D format with the help of a 

Surface viewer. A 3-D view of surface viewer for FLC-1 is shown in figure 1.6   

 

 
 

Figure 1.6 Surface Viewer for FLC-1 
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4.BUILDING SIMULINK OF IP SYSTEM 
 

The Simulink of IP was build in two stages. Initially a Simulink model of IP sub-system was built 

which was finally masked to give the complete system.  A view of IP system and its sub-system 

are shown in figure 1.7 and figure 1.8 respectively. 

 

                                       
Figure 1.7 Simulink model of IP system                                         Figure 1.8 Simulink model of IP Sub- 

                                            system 

 

 

5.DESIGNING OF ANFIS CONTROLLER FOR IP 
 
ANFIS belongs to a class of adaptive networks that combines the features of both fuzzy inference 

system and neural networks. ANFIS uses the learning ability of neural networks and linguistic 

application of fuzzy logic [26]. It performs an input output mapping based on both human 

knowledge (fuzzy if then rules) and on generated input output data pairs [18]. ANFIS uses a 

Takagi-Sugeno inference system[19], in which output of each rule can be a linear combination of 

input variables plus a constant term or can be only a constant term. The final output is the 

weighted average of each rule’s output. ANFIS employs Back propagation[27] or hybrid[28] 

learning algorithm to optimize input data sets[20,21].  

 

5.1 ANFIS control of IP 
 

This study has considered two different data sets to train cart and pendulum controllers in ANFIS. 

A total of 713 data sets were collected which were further divided into training and testing data 

sets. The pre-designed fuzzy controller was used to generate data sets. Initially the training data 

was loaded from the workspace to ANFIS Toolbox and then Grid Partition method [29] was used 

to generate the initial FIS structure in ANFIS. A view of loading of training data sets and initial 

FIS generated is shown in Figure 1.9 and Figure 2.0 respectively. 
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Figure 1.9 loaded training data in ANFIS 

 

 

 
 

     Figure 2.0 Initial FIS generated for Cart controller 

    

The ANFIS controller uses a Takagi-Sugeno [30] inference system of 16 fuzzy if-then rules and 4 

MF's. The shape of the MF's considered for input and output variables were generalized bell 

shape and linear respectively. A view of initial MF's before training and final MF's obtained after 

training are shown in figure 2.1 and figure 2.2. 
 

 

 
 

Figure 2.1  MF’s before training for ‘Cart Position’ 

 

 
           

Figure 2.2  MF’s after training for ‘Cart Position’ 
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In this study a Hybrid method[22] is used to train the ANFIS controller. Hybrid method is 

basically a combination of Back-propagation and least square method. The error tolerance and 

number of epochs were set to 0 and 665 respectively. The error obtained after training is 

0.003826. A view of training in ANFIS is shown in figure 2.3 

 

 
  

Figure 2.3 Training ANFIS controller 

 

6. SIMULATION RESULTS AND COMPARISON 
 
The Modelling and Simulation of IP system was done in Matlab-Simulink environment. A view 

of simulation results are illustrated from figure 2.4 to figure 2.7.   

 

 
 

Fig 2.4 Output response of Cart Position using Fuzzy controller 

 

S.No Performance Parameter Output response 

1 Settling Time (sec) 18 sec 

2 Steady state error 0 

3 Maximum Overshoot (degree) 1.42º 

                                     
Table 1.2 Output response of Cart Position using Fuzzy controller 

 

 
   

Fig 2.5 Output response of Pendulums Angular velocity using Fuzzy controller 
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S.No Performance Parameter Output response 

1 Settling Time (sec) 21.5 sec 

2 Steady state error 0 

3 Maximum Overshoot (degree) 0.5º 

                                 
Table 1.3 Output response of Pendulums Angular velocity using Fuzzy controller 

 

 

 
 

Fig 2.6 Output response for Cart Position using ANFIS Controller 

 

S.No Performance Parameter Output response 

1 Settling Time (sec) 15 sec 

2 Steady state error 0 

3 Maximum Overshoot (degree) 8.8º 

 
Table 1.4 Output response for Cart Position using ANFIS Controller 

 

 
  

 Fig 2.7 Output response of Pendulums Angular velocity using ANFIS controller 

 

S.No Performance Parameter Output response 

1 Settling Time (sec) 16 sec 

2 Steady state error 0 

3 Maximum Overshoot (degree) 1.7º 

                                
Table 1.5 Output response of Pendulums Angular velocity using ANFIS controller 
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7. CONCLUSION & FUTURE RECOMMENDATIONS 
 

The Research objective of the study to show a comparative analysis between Fuzzy and ANFIS 

control of highly non-linear IP system has been achieved. The results proves the validity of 

proposed techniques. The results shows that the ANFIS controller provides better results as 

compared to Fuzzy controller. The Setting time for Cart position and Pendulum angle is reduced 

by 3 sec and 5.5 sec respectively using ANFIS controllers. It is also observed from the results that 

the value of maximum overshoot for both Cart and Pendulum using ANFIS controller is very 

large as compared to that of Fuzzy controller. Both the controllers shows an excellent response 

towards steady state error. The results obtained can be further refined to optimize the 

performance parameters specially settling time for both the controllers. Also the maximum 

overshoot of ANFIS controllers can be further reduced by varying values of certain attributes like 

training and testing data sets, MF's, training algorithm etc. As an extent to future work more Soft-

computing techniques like Neural networks, Particle Swarm Optimization, Genetic Algorithm etc 

can also be implemented for the control of non-linear systems. 
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