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ABSTRACT

A set D of vertices of a graph G is a dominating set if every vertex in V \ D is adjacent to some vertex in D.
In this paper, we provide a constructive characterization of trees with unique minimum dominating set.
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1. INTRODUCTION

Let G = (V, E) be a graph. The subset D of V is a dominating set if every vertex in V\ D is
adjacent to some vertex in D. The domination number of G, denoted by y(G), is the minimum
cardinality of a dominating set of G. A dominating set of cardinality y(G) is called a y(G)-set.

The literature on domination and its variations in graphs has been surveyed and detailed in the
two books by Haynes, Hedetniemi, and Slater [1, 2]. Gunther, Hartnell, Markus, and Rall [3] have
studied graphs with unique minimum dominating sets. Later, Fishermann and L. Volkzmann [4],
made a thorough study of unique minimum domination in trees. Haynes and Henning [5] gave a
characterization for trees with unique minimum total dominating sets. Chellali et. al[6], made a
study on trees with uniqgue minimum paired-dominating sets. Recently, Blidia et. al.[7]
characterized the trees with unique minimum locating dominating sets. We provide a constructive
characterization of trees with unique minimum dominating sets.

A graph G is called a unique minimum domination graph, or just a UMD-graph, if G has a unique
v(G)-set. Observe that the path P; has the support vertex set as its unique minimum dominating
set. A vertex of degree one is called an end vertex or a leaf and its neighbour is called a support
vertex. The set of leaves in T is denoted by L(T) and the set of support vertices by S(T). For a
vertex v the open neighborhood of v is the set N(v) and its closed neighborhood is the set N[v].
We denote G—v as G\ {v}. For notation and graph theory terminology, we in general follow [8].

2. KNOWN RESULTS

The following is an important result which guides the main results of this paper.
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Theorem 2.1:

Let T be a tree of order n > 3. Then the following conditions are equivalent:
i. TisaUMD-tree with y(T)-set S.
ii. T hasay(T)-set S for which every vertex v e S is a support vertex or satisfies |pn(v, S)| >
2.
iii. T has ay(T)-set S for which y(T - v) > y(T) forevery v e S.

3. MAIN RESULTS

In this section we provide a constructive characterization of all UMD-trees. For this purpose we
describe a procedure for building a family I of labelled trees that have unique minimum

dominating sets, as follows.

LetI ={T,} k> 1 be the family of trees constructed inductively such that T, is a star K;,, n > 1

and T, =T, a tree. If k > 2, Ti,1can be obtained recursively from T; by the operation 3 or 3, for i
=1,2, .., k—1.

We define the status of a vertex v, denoted sta(v) to be A or B. Initially if T, = K;,, n > 1, then
sta(v) = A if v is a support vertex and sta(v) = B, if v is a leaf. Once a vertex is assigned a status,
the status remains unchanged as the tree is constructed.

Operation 3, : Assume v e T, and sta(v) = A. The tree T;,; is obtained from T; by adding a star

Kim, m> 1 with support vertex u and the edge uv. Let sta(u) = A and sta(w) = B, where w is a leaf
Of Klym.

Operation 3, : Assume v e T, and sta(v) = B. The tree Ti,; is obtained from T; by adding a star

Kim, m > 1 with support vertex u and the edge uv. Let v be adjacent to x in T;. If deg(x) > 2 then u
is a support vertex of K. If deg(x) = 2 then u is a leaf of Ky, Let sta(w) = A if w is a support
vertex of Ky, and sta(w) = B, if w is a leaf of Ky .

3 is closed under the two operations 3, and 3,. For T « 3, let A(T) and B(T) be the sets of

vertices of status A and B respectively. We have the following observations, which
follow from the construction of 5 .

Observations 3.1:

LetT e3, and vev (T)

i. Ifsta(v) = A, then v is adjacent to at least two vertices of B(T).
ii. Ifsta(v) = B, then v is adjacent to exactly one vertex of A(T).
iii.  If visasupport vertex, then sta(v) = A.
iv. Ifvisa leaf, then sta(v) = B.

v.  |AMI] < [BM)I.
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Lemma 3.2:

If T e 3, then A(7) is a y(T)-set. Moreover if T is obtained from T 'e 3, by the operation 3, or
3, theny(T) = y(T) + I

Proof:

By the Observations, it is clear that A(T) is a dominating set. Now we prove that A(T) is a y(T)-
set. We proceed by induction on the length k of the sequence of trees needed to construct the tree
T. Suppose k =1, then T = Ky, n > 1, belongs to 3 . Then by the construction of the family 5 ,
the only vertex of sta(A) is the support vertex of the star, which dominates all the other vertices.
Hence, A(T) is a y(T)-set. This establishes the base case.

Assume then that the result holds for all trees in 3 , that can be constructed from a sequence of
fewer than k trees where k >2. Let T « 3 be obtained from a sequence Ty, T, ..., Ty Of trees,
where T’ =Ty and T = Ty. By our inductive hypothesis A(T) is a y(T)-set.

We now consider two possibilities depending on whether T is obtained from T’ by the operation

~ ~
J,ors,.

Case 1: T is obtained from T’ by operation 3, .

Suppose T is obtained from T’ by adding a star K, ,, m > 1 with support vertex u and the edge uv,
where v e T. Then sta(u) = A and sta(w) = B, where w is a leaf of K;,. Any y(T’)-set can be
extended to a y(T)-set by adding to it the support vertex w, which is of status A. Hence,
A(T) = A(T") u {w}is ay(T)-set.

Since T is obtained from T’ by operation 3, T can have exactly one more vertex of status A than
T°. Since y(T) = |A(T)| and y(T") = |A(T )|, it follows that y(T) = y(T") + 1.

Case 2: T is obtained from T’ by operation 3, .

The proof is very similar to Case 1.

Lemma 3.3:
If T e 3, then (T — x) > y(T), for every x e A(T).
Proof:

We proceed by induction on the order p of T. If p =3 thenT = P, € 3. Let P; be labelled as u, v,

w i.e. v is a support vertex, u and w are leaves. By previous lemma A(Ps) = {v} is a y(Ps)-set.
Clearly, y(Ps —v) = 2> 1 = y(P5). This establishes the base case.

Assume that the lemma is true for T'e 3 with |V(T’)| < p. Let T =T, be obtained from a sequence

of trees Ty, Ty, ..., Trx = T Since |V(T)| < |V(T)|, by induction hypothesis y(T —x) > y(T "), for
every x e A(T'). Two cases arise.
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Casel: x e A(T").

Any y(T’ — x)-set can be extended to a y(T — x)-set by adding a vertex y e A(T)\ A(T")
ie. (T —x) =y (T'-x)+1. By previous lemma, y(T) = y(T") + L < y(T—x) + 1 = y(T —x), for
every x e A(T).

Case2: xe A(T)\VA(TY)

Let T be obtained from T’ by adding a star K;,, m > 1 to a vertex of T’. Let x be the support

vertex of Kyn. T —x contains m+1 components, hence y(T —x) = y(T") + m = y(T) — 1 + m > y(T),
since m > 1, as desired.

Theorem 3.4:
A tree T has the unique minimum dominating set if and only if T « 3.

Proof:

By lemma 3.3, it is sufficient to prove that the condition is necessary. We proceed by induction
on the order p of the tree. For p = 3, T = P5 has the unique minimum dominating set and also
T e 3. Assume that p > 4 and all trees T of order less than p, with unique minimum dominating
set belong to the family 3.

Let P: vi, vy, ..., V; be a longest path in T. Obviously deg(vy) = deg(v;) = 1 and v, is a support
vertex. If it is a strong support vertex, let v, be adjacent to the leaves Iy, I,, ..., Is. Then Ky is a star
with support vertex v,. Define T> = T —Ky.. If v, is not a strong support vertex and deg(vy) = 2
define T" = T \ {vy, V2, vs}. In both the cases, any y(T *)-set can be extended to a y(T)-set by adding
the vertex v,. Hence, y(T) = y(T") + 1.

Since T is a UMD-tree, there exists a y(T)-set S such that y(T — x) > y(T), for every x e s. Let S’
=SN T’ ThenS’isay(T’)-set. Let w e s'then w e s and hence y(7 — w) > y(T). Therefore y(T")
=y(M-1<y(T—w)— 1.

Any y(T’ — w)-set can be extended to a dominating set of 7 — w by adding v;. Thus y(7 — w) <
v(T"—w) + 1. Hence y(T") <y(T — w) — 1 <y(T’ — w), for every w ¢ s. Hence T’ is a UMD-tree.
Since |V (T")| < |V (T)|, by the induction hypothesis T'e 3. Thus T is obtained from T’ by the
operation 3, or3,.Hence T ¢ 3.
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